DISPROOF OF THE ODD HADWIGER CONJECTURE

MARCUS KUHN, LISA SAUERMANN, RAPHAEL STEINER, AND YUVAL WIGDERSON

ABSTRACT. We prove that there exist graphs which do not contain K; as an odd minor and
whose chromatic number is at least (3 — o(1))t. This disproves, in a strong form, the odd
Hadwiger conjecture of Gerards and Seymour from 1993.

1. INTRODUCTION

Hadwiger’s conjecture [22], formulated in 1943, is one of the central open problems in graph
theory. Recall that a graph F' is a minor of a graph G if a graph isomorphic to F' can be
obtained from G by a sequence of vertex deletions, edge deletions, and edge contractions.

Conjecture 1.1 (Hadwiger’s conjecture). Let G be a graph. If x(G) > t, then G has Ky as a
minor. Equivalently, if G does not have K; as a minor, then x(G) < t.

This is a vast generalization of the Four-Color Theorem [2, 3], which follows immediately from
the t = 5 case of Hadwiger’s conjecture. Moreover, Hadwiger’s conjecture would determine the
maximum chromatic number of any minor-closed family of graphs, thus unifying and generalizing
a wide array of different results and conjectures bounding the chromatic number of various graph
classes, see e.g. [11, 38, 43].

Despite decades of effort, Hadwiger’s conjecture remains extremely far from being resolved.
It is only known to hold [44] for ¢ < 6, with the cases t = 5 and ¢ = 6 both shown to be
equivalent to the Four-Color theorem, and even the ¢ = 7 case appears to be out of reach at
the moment. Many researchers have attempted to prove weakenings of the conjecture, such as
finding functions f(t) such that every graph G not having K; as a minor satisfies x(G) < f(¢);
Hadwiger’s conjecture is the assertion that this holds for f(¢) = ¢t. There has been a long line
of works [34, 35, 40, 53, 57] steadily improving the function f(¢); the current record is due
to Delcourt and Postle [13], who showed that this holds for f(¢) = Ctloglogt, where C' is an
absolute constant. For more on the history and progress towards Hadwiger’s conjecture, we refer
to the surveys [39, 45, 56].

In this paper, our focus will be on a strengthening of Hadwiger’s conjecture proposed by
Gerards and Seymour in 1993 (see [26, Section 6.5], [45, Section 7]), known as the odd Hadwiger
conjecture. To explain the motivation behind this strengthening, let us go back to considering
the cases of Hadwiger’s conjecture when ¢ is small. For ¢t = 3, it asserts that if x(G) > 3, then G
contains K3 as a minor. This statement is true, since containing K3 as a minor is equivalent to
containing a cycle. But evidently, this true statement is much weaker than the “real” statement
here, which is that if x(G) > 3, then G contains an odd cycle. The next case t = 4 of Hadwiger’s
conjecture is equivalent to the fact that every graph G with x(G) > 4 contains a K4-subdivision
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as a subgraph. And also here, a much stronger statement involving parity is known to be true:
Catlin [9] proved that every such graph contains a Ky-subdivision where every cycle formed by
three subdivision paths is of odd length. Moreover, an even stronger statement is still true: Toft
conjectured in 1975, and Thomassen [55] and Zang [58] independently proved, that every graph
G with x(G) > 4 even contains a Ky-subdivision where all subdivision paths have odd length.
Motivated by these results and attempting to generalize Catlin’s result, Gerards and Seymour
proposed a natural notion, stricter than that of containing K; as a minor, which respects the
parities of cycles, and conjectured that even this stronger property is implied by large chromatic
number.

More precisely, let G be a graph. We say that G has K; as an odd minor if there exist
vertex-disjoint trees T1,...,T; C G, as well as functions x; : V(T;) — {black, white}, with the
following properties:

e For every i, x; is a proper 2-coloring of 7T;, that is, for all {z,y} € E(T;), we have that
Xi (%) # xi(y)-
e For all i # j, there are vertices z; € V(T;),x; € V(7)) such that {z;,z;} € E(G) and
Xi(xi) = x;(z;).
With this definition in place, we can state the odd Hadwiger conjecture of Gerards and Seymour.

Conjecture 1.2 (Odd Hadwiger conjecture). Let G be a graph. If x(G) > t, then G has K; as
an odd minor. Equivalently, if G does not have K; as an odd minor, then x(G) < t.

As discussed above, the t = 3 case of Conjecture 1.2 is quite straightforward, and is equivalent
to the statement that every non-bipartite graph has an odd cycle. The t = 4 case is equivalent
to the aforementioned result of Catlin. The t = 5 case of Conjecture 1.2 is a substantial
strengthening of the Four-Color theorem, and a proof was announced by Guenin [21], but the
conjecture remains wide open for t > 6.

Similarly to the case of Hadwiger’s conjecture, there have been a large number of results
[20, 24, 28, 29, 30, 31, 41, 42, 47, 50, 51, 54] proving weakenings of the odd Hadwiger conjecture.
Interestingly, the density-based techniques used in the study of Hadwiger’s conjecture do not
work without serious modifications in the setting of odd minors, as they do not interact natu-
rally with the parity requirements defining an odd minor. Despite this fact, the third author
proved [49] that Hadwiger’s conjecture and its odd variant are asymptotically equivalent. More
precisely, he showed that, if f is any function such that any graph G not containing K; as a
minor satisfies x(G) < f(t), then any graph G not containing K; as an odd minor satisfies
X(G) < 2. f(t). In particular, combined with the result of Delcourt—Postle [13] mentioned
above, this theorem shows that every graph G with x(G) > Ctloglogt contains K; as an odd
minor. But more importantly, this result shows that Hadwiger’s conjecture and its odd variant
are very closely connected; for instance, if Hadwiger’s conjecture is true, then every graph G
with x(G) > 2t contains K; as an odd minor.

Despite all of this evidence towards the odd Hadwiger conjecture, it turns out to be false.
Our main result disproves the conjecture in the following strong form.

Theorem 1.3. For any fized 6 > 0 and every integer t which is sufficiently large with respect
to 8, there is a graph G with x(G) > (3 — )t which does not have K; as an odd minor. In
particular, for every sufficiently large t, there is a graph with x(G) >t which does not have K,
as an odd minor.

Thus, not only is the odd Hadwiger conjecture false, it is false by a factor of roughly % in the
sense that the chromatic number of G can exceed the order of the largest odd clique minor by
an asymptotic factor of % Note that, as discussed above, Hadwiger’s conjecture would imply
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that this ratio is at most 2. Unfortunately, as we shortly discuss further, the constant % is a
hard limit of our approach.

Our graph G in Theorem 1.3 forming a counterexample to the odd Hadwiger conjecture
is a graph with independence number a(G) = 2. There has been a lot of previous research on
Hadwiger’s conjecture and its odd variant for graphs of independence number 2. Note that if G is
such a graph, then x(G) > [n/a(G)] = [n/2], so Hadwiger’s conjecture (resp. Conjecture 1.2)
predicts that G contains a clique minor (resp. odd clique minor) of order [n/2]. A simple
argument of Duchet and Meyniel [14] shows that if G is an n-vertex graph with a(G) = 2,
then G contains a clique minor of order [n/3]. This was extended to the odd minor setting
by Kawarabayashi and Song [32], who proved that such a graph G' must in fact have K, /3
as an odd minor. It remains a major open problem (e.g. [45, Open problem 4.8] and [10, 12])
to improve the constant factor % in either of these results; see [18, Section 4] for the current
best known result on Hadwiger’s conjecture in graphs of independence number 2, improving the
Duchet—Meyniel bound by a sublinear amount. Our counterexample to Conjecture 1.2 shows
that the bound of [n/3] due to Kawarabayashi—Song for the odd Hadwiger conjecture in graphs
of independence number 2 is asymptotically best possible. More precisely, we prove the following
strengthening of Theorem 1.3.

Theorem 1.4. For any fixed n > 0, and every integer n which is sufficiently large with respect
to n, there exists an n-vertex graph G with a(G) < 2 which does not have Ky as an odd minor
for any t > (% +n)n.

This theorem directly implies Theorem 1.3, using that any graph G with a(G) < 2 satisfies
X(G) = n/a(G) = n/2. More details on this simple deduction can be found in Section 5.3.

The factor % in Theorem 1.4 is optimal, due to the aforementioned result of Kawarabayashi and
Song. We complement Theorems 1.3 and 1.4 with the following result, proved in Appendix A,
showing that also the factor % for the chromatic number in Theorem 1.3 is optimal for graphs

G with o(G) < 2.

Proposition 1.5. For any positive integer t and any graph G with a(G) < 2 which does not
have K, as an odd minor, we have x(G) < [3(t —1)].

2. HEURISTICS: PSEUDORANDOM TRIANGLE-FREE GRAPHS

We now turn to discuss, at a high level, the heuristics and intuition underlying our construction
of the graph G in Theorem 1.4. This section can easily be skipped by readers who prefer to
proceed directly to the formal construction in Section 3 and the proofs in the rest of the paper.

Since our goal is to build a graph G with a(G) < 2, it is more convenient to work in the
complement: we set G = H, and wish to construct a triangle-free graph H whose complement
does not contain K; as an odd minor.

The simplest idea one could try is to let H be a random graph. Recall that the binomial
random graph G(n,p) is an n-vertex graph in which every unordered pair of distinct vertices
forms an edge independently with probability p. As our first idea, we could sample H ~ G(n,p),
and aim to prove that with positive probability, we simultaneously have that H is triangle-free,
and that G = H contains no large odd minor. For this discussion, we will only try to show that
G does not contain K, ;3 as an odd minor—which already suffices to disprove Conjecture 1.2—as
opposed to trying to obtain the optimal bound on the odd minor order given in Theorem 1.4.
For simplicity, let us assume that n is even.

If G has K,,/> as an odd minor, then there exist trees T1,..., T,/ satisfying the definition of
an odd minor. Note that since we have n/2 trees on n vertices, the average number of vertices
of a tree T; is at most 2. For simplicity, let us pretend for the moment that all these trees have
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exactly 2 vertices (unsurprisingly, this special case is the hardest one). The structure we have
in this case is called an odd connected matching (of size n/2) in the literature. Studying the
presence of odd connected matchings in G, the complement of a random graph, is somewhat
annoying. It will be simpler and still sufficient for us to consider an even weaker notion, which we
call an odd connected pairing, where we do not require T; to be a tree. More precisely, we define
an odd connected pairing of size s in a graph G to be a set {(u1,v1),..., (us,vs)} consisting of s
ordered pairs where ui, vy, ug, v, ..., us,vs € V(G) are pairwise distinct vertices, and such that
for all i # j, at least one of {u;,u;} or {v;,v;} is an edge of G. Note that if we further insisted
that {u;,v;} is an edge for all ¢, this would precisely correspond to having K as an odd minor
with all the trees T; consisting of exactly 2 vertices.

We can now begin in earnest to analyze our random construction G = H, where H ~ G(n, p).
To get started, let us first estimate the probability that G contains an odd connected pairing of
size n/2. For any fixed pairing (u1,v1), ..., (Up/2, Vp/2), and any fixed indices i, j, the probability
that at least one of {u;,u;} and {v;,v;} is an edge of G is 1 — p?, since with probability p
both are included as edges of H. Since these events for different pairs {7,j} of indices are
independent, the probability that the fixed pairing forms an odd connected pairing in G is
precisely (1 — pQ)(n2/2), since we have (”42) pairs {7, j} of indices. We now want to apply a union
bound over all choices of the pairing; the number of such pairings equals the number of perfect
matchings in K,,, which is given by (n — 1)(n — 3)---1. Asymptotically, this quantity is equal
to (n/e + o(n))™/? = exp((3 + o(1))nlogn). Applying the union bound, we see that

P[G contains an odd connected pairing of size 5] < (n —1)(n —3)---1-(1 — p2)(n£2)

< exp ((; +o(1))nlogn — p? (”f)) .
Lo

In particular, if gp*n® > (% + o(1))nlogn, then this exponent is negative for large n, and with
high probability!, G does not contain an odd connected pairing of size n/2. The condition
1p°n? > (3 + o(1))nlogn is equivalent to p > (2 + o(1))+/log n/n.

We also want H to be triangle-free, so that a(G) < 2. Here we encounter some bad news,
since it is well-known that G(n, p) is with high probability triangle-free if and only if p = o(1/n),
much smaller than the requirement p > (2 4 o(1))y/logn/n we found above. However, we
are empowered to modify H after sampling from G(n,p), so long as these modifications are
“insignificant” enough to not seriously affect the probability that G = H contains an odd
connected pairing. It is also well-known that, so long as p = o(1/+/n), a typical edge of G(n,p)
does not lie on any triangle; this means, intuitively, that one can delete all triangles from G(n, p)
without significantly affecting its structure so long as p = o(1/4/n). In fact, by being very careful,
we could even hope to do this for p < ¢/y/n, where ¢ > 0 is a small absolute constant.

Unfortunately, this is still not good enough: our requirements p > (2 + o(1))/logn/n and
p < ¢/+/n remain incompatible. In order to explain how we overcome this, we briefly take a
detour to discuss recent research on a seemingly unrelated question, which nevertheless holds
the key to proving Theorem 1.4.

This seemingly unrelated question is about the asymptotics of the off-diagonal Ramsey num-
ber r(3, k), which is defined as the minimum n such that every n-vertex graph contains either a
triangle or an independent set of order k. Equivalently, we can ask for the minimum indepen-
dence number among all n-vertex triangle-free graphs. For many decades, the best known upper
bounds for this problem were obtained by a careful analysis of the random graph G(n,c/y/n).
Essentially, by following the intuition described above, one can carefully delete all triangles

1Throughout the paper, we say an event occurs with high probability if its probability tends to 1 as n — co.
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from this random graph without significantly affecting its independence number. Different ar-
guments along these lines were developed by Erdés [15], Spencer [48], Erdés—Suen—Winkler [16],
Bollobés [6, Chapter 12], and Krivelevich [36], among others. Finally, a major breakthrough
on this problem was obtained by Kim [33], who designed a different randomized procedure for
generating a triangle-free graph, and proved that with high probability, this process produces an
n-vertex triangle-free graph with independence number O(y/nlog n), matching the classical lower
bound of Ajtai-Koml6s—Szemerédi [1] and Shearer [46] up to a constant factor. Subsequently,
Bohman [4] analyzed a simpler random process—the so called triangle-free process—and proved
that with high probability, it generates a pseudorandom triangle-free graph with edge density
Q(4/logn/n). Substantially more refined results were obtained independently by Bohman and
Keevash [5] and by Fiz Pontiveros, Griffiths, and Morris [17], who proved that the final edge
density of the triangle-free process is p = (% — o(1))+/log n/n; moreover, they showed that in
various ways, the triangle-free process is nearly indistinguishable from the binomial random
graph G(n,p) of the same edge density, apart from the fact that it has no triangles.

These results seem almost good enough for us: they give a pseudorandom triangle-free graph
of edge density (3 — o(1))y/logn/n, whereas we would like edge density (2 + o(1))\/logn/n,
merely a factor of 4 away. Unfortunately, this “mere” factor of 4 is very stubborn: the results of
[5, 17] also show, essentially, that it is impossible to create a denser triangle-free graph without
sacrificing some of the pseudorandomness properties of the triangle-free process. This intuition
led the authors of [17] to conjecture that in fact, the triangle-free process has the asymptotically
smallest independence number among all n-vertex triangle-free graphs.

However, in a recent breakthrough, Campos, Jenssen, Michelen, and Sahasrabudhe [8] dis-
proved this conjecture. One of their key insights is that for the r(3, k) problem, there is no need
to require the very strong pseudorandomness conditions enjoyed by the triangle-free process;
one can sacrifice a small amount of pseudorandomness in order to obtain higher edge density,
and this trade-off can be beneficial. This was followed by another breakthrough of Hefty, Horn,
King, and Pfender [23], who found a much simpler randomized construction yielding pseudoran-
dom triangle-free graphs of higher edge density. For their application, they select edge density
p = (140(1))y/logn/n (which is expected to be optimal for the application to r(3, k)), but their
construction naturally works at a wide range of possible edge densities. Indeed, in follow-up
work on a closely related problem, Campos, Jenssen, Michelen, Pfender, and Sahasrabudhe [7]
used essentially the same construction, but crucially worked with a polynomially higher edge
density.

These results are the starting point of our approach, as they resolve the central incompatibility
discussed above: we now have access to a construction of pseudorandom triangle-free graphs
whose edge density can be larger than the threshold (2 + o(1))+/logn/n we encountered above.
In fact, in order to simplify the proofs of our main technical results, it will be convenient to
work with a logarithmically higher edge density, namely p = ©((logn)?//n).

The basic idea in the works [7, 8, 23] is the following simple approach. Let Hgiart be a
triangle-free graph on m vertices, for some m that is smaller but not much smaller than n, and
let Hplowup be obtained from Hgare by blowing up each vertex by a factor of n/m. That is, we
replace each vertex of Hgiary by an independent set of order n/m, and each edge of Hgiare by
a complete bipartite graph between the independent sets corresponding to its endpoints. Then
on the one hand, if Hgtar is pseudorandom in an appropriate sense, then Hyjoyyp retains many
of the pseudorandomness properties; for example, the edge distribution among all large sets in
Hylowup is roughly the same as it was in Hggart. Moreover, the two graphs Hyowup, Hstart have
essentially the same edge density. However, when viewed as a function of n, the edge density
of Hyjowup is higher than that of Hgare. For example, if Hgiary had m3/2 edges, then Hylowup
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has m%/2 . (n/m)? = n?/y/m edges, and, if m = o(n), then n?//m = w(n®?). In particular, if
we take Hgpart ~ G(m, m~1/ %), then Hpjowup Will be an n-vertex graph with edge density higher
than n~'/2, which still maintains some of the pseudorandomness properties of G(m,m~1/2).

Of course, for many applications, including the application to (3, k) and to the odd Hadwiger
conjecture, we have done essentially nothing: although we have artificially increased the relative
edge density, the large independent sets in Hyjowyp completely counteract whatever we gained
from this. The other new idea in [7, 8, 23] is to “conceal” the blowup structure of Hggary by over-
laying it with another, independent source of (pseudo)randomness. In [8] this is accomplished by
running the triangle-free process on the blown-up graph Hyjowup, but the much simpler approach
taken in [7, 23] is simply to randomly overlay two blowups. Because the overlaying is done in
a random way, the blowup structures of the two graphs are essentially “orthogonal”, and the
edges of one blowup destroy the structure of the other blowup. This is also the approach we
take.

More specifically, we start with two binomial random graphs with distribution G(m, p), where
p=o0(1/y/m), but p = w(y/logn/n). To make them triangle-free, in each of these graphs we first
delete all edges occurring in triangles. Since p = o(1/y/m), we expect a negligible proportion
of these edges to be deleted this way. Thus, we expect each of the resulting random graphs
to have roughly pm?/2 edges. We now blow each of these graphs up by a factor of n/m and
randomly overlay these blowups (for more details on this step, see the next section). This way,
we obtain an n-vertex graph with roughly 2 - (pm?/2) - (n/m)? = pn? edges. Again, we expect
few edges to participate in triangles consisting of edges from both of the blow-up graphs. We
then delete an edge from every such triangle in a certain way, so that at the end of this process
we expect to end up with a triangle-free graph H of edge density roughly p; crucially, we have
that p = w(y/logn/n), and thus our heuristic from the binomial random graph suggests that H
is unlikely to contain an odd connected pairing of size n/2.

3. THE CONSTRUCTION

Let n be a large integer. We fix? parameters

n 1
" hogM wd P I logm

Our construction is based on the following independent random choices:

e a binomial random graph Hg ~ G(m,p) with vertex set Vi = [m],

e a binomial random graph Hp ~ G(m,p) with vertex set Vg = [m], and

e two independent, uniformly random functions 7g : [n] — [m] and 7 : [n] — [m]. Here,

we think of mx as a function to Vg and wg as a function to Vp.

We now let Hj, be obtained from Hp by deleting every edge that lies in a triangle, and similarly
for H};. We then define a graph Hj with vertex set [n] by taking the union of the pull-backs of

HY, and Hj along the maps mp and mp, respectively. Formally, we join distinct u,v € [n] by an
edge of Hy if

{rr(u),7r(v)} € E(HR)  or  {mp(u),7p(v)} € E(Hp).
For an edge {u,v} € E(Hy), we call the edge {u,v} red if {mr(u), 7r(v)} € E(Hp), and we call
the edge {u,v} blue if {rp(u),7p(v)} € E(Hp). Note that the graph of red edges is precisely
a blowup of H},, where vertex « € Vg is replaced by an independent set of size |7r]_%1(x)], and
similarly for the blue edges. Also note that some edges may receive both colors. On the other

2We remark that there is a lot of flexibility in these choices; we really only need that n/m is at least some
small fixed power of logn and at most some small fixed power of n, and that the same holds for p®n and (p?m)~*.

n,m,p

Hp
Hp

TR, TB

H),, HYy, Ho
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hand, since Hj,, H}; are triangle-free graphs, there is no triangle in Hy all of whose edges receive
the same color.

Thus, every triangle in Hy must comprise two red edges and one blue edge, or two blue edges
and one red edge. We then define H to be the subgraph of Hy obtained by deleting the edge
of the minority color from each triangle. That is, for every red edge {u,v} € E(Hy) for which
there exists w such that {u,w},{v,w} € E(Hy) are blue edges, we delete {u,v} from Hj in
constructing H; and similarly for every blue edge {u,v} € E(Hy) for which there exists w such
that {u,w}, {v,w} € E(Hp) are red edges. It is not relevant for what follows, but it may be
helpful to note that every deleted edge has only one color, since there are no monochromatic
triangles in Hy.

At the end of this process, we have constructed an n-vertex triangle-free graph H. We conclude
the construction by taking G' = H to be the complement of H, so that a(G) < 2. As mentioned
in the previous section, an odd connected pairing of size s in a graph G is defined to be a set
{(u1,v1),..., (us,vs)} consisting of s ordered pairs where uy, vy, us,va,...,us,vs € V(G) are
pairwise distinct vertices, and such that for all ¢ # j, at least one of {u;,u;} or {v;,v;} is an
edge of G. We will prove that with high probability, G contains no odd connected pairing of
size at least en, which then implies the following theorem.

Theorem 3.1. For every fized € > 0 and all sufficiently large n, there exists an n-vertex graph
G with a(G) < 2 which does not contain an odd connected pairing of size at least en.

It is not hard to show, as we do in Section 5.3, that Theorem 3.1 implies Theorem 1.4,
and hence Theorem 1.3. Thus, for the majority of the rest of the paper, we focus on proving
Theorem 3.1.

Organization and notation. In Section 4, we state the main probabilistic lemmas we will
need to analyze our construction. We then prove Theorem 3.1 using these lemmas in Section 5
and afterwards deduce Theorems 1.3 and 1.4. We prove the probabilistic lemmas in Sections 6
and 7, and end in Section 8 with some concluding remarks. Finally, we prove Proposition 1.5 in
Appendix A.

For a non-negative integer n, we write [n] := {1,...,n}, as usual. All logarithms are to base e.
To save parentheses, we write log® n instead of (logn)¥. Given a set S and an integer k, we use
(,f) to denote the collection of all k-element subsets of S. For an event &£, we write £¢ to denote
the complementary event. We furthermore use the standard asymptotic notation O, 2,0, and
w. For a graph G, we denote by A¢ its maximum degree, by e(G) its number of edges, by x(G)
its chromatic number, by a(G) its independence number, and by v(G) its matching number.

In order to help the reader track the main definitions, we include marginal notes to indicate
the first time a key notion is introduced.

4. PROBABILISTIC LEMMAS

In order to prove Theorem 3.1, we will analyze a number of properties depending on the
random choices of Hgr, Hp, 7r, 7p. In this section, we introduce various events defined by these
random choices, and state a number of lemmas which say, roughly, that various “good” outcomes
happen with high probability. In the next section, we use these probabilistic lemmas to prove
Theorem 3.1. We now introduce each of these events in turn.

The first four are quite straightforward: they say that the random graphs Hgr, Hp and the
random functions g, mp are “balanced”, in the sense that the graphs do not have abnormally
high maximum degree, and the functions do not have abnormally large fibers. Formally, we
define Dpg to be the event that the maximum degree of Hg is at most 2pm, and similarly Dg to
be the event that the maximum degree of Hp is at most 2pm. We also define Fg to be the event

odd con-

nected pairing

Dr,DB
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that |75'(z)| < 2n/m for all € Vg, and similarly Fp to be the event that |75 (z)| < 2n/m
for all x € Vg. Note that the events Dg, Dp, Fr and Fp only depend on the outcome of the
random object Hgr, Hp, mr, and mpg, respectively. The following simple lemma, an elementary
consequence of the Chernoff bound, shows that these four events hold with high probability (the
proof can be found in Section 7.3).

Lemma 4.1. The events Dr,Dg, Fr, F hold with high probability as n — oo.

In our next condition, we aim to control the interactions of the two functions mr and wp.
The point here is that these maps should be “orthogonal”, so that the randomness from Hpg
and from Hp interact a great deal in defining H. However, the formal condition requires some
setup. For s € N, an s-pairing in [n] is a collection of pairs {(u1,v1),..., (us,vs)}, where
Ul,y...,Us,V1,...,Vs are distinct elements of [n]. For an s-pairing P = {(u1,v1),..., (us,vs)} in
[n], and € > 0, we say that a map 7 : [n] — [m] is e-respectful of P if there is a subset I C [s]
with |I| > es such that 7(u;) # 7(v;) for all @ € I, and furthermore the pairs {7 (u;), 7(v;)} are
distinct for all ¢ € I. That is, 7 is e-respectful of the pairing P if at least s of the pairs in
P get mapped to distinct pairs in ([7;]). Finally, for € > 0, let £(¢) be the event that for each
s-pairing P in [n] with s = [en], at least one of the random functions 7g and 7p is e-respectful
of P. Note that this event only depends on the random functions 7z and mg, but not on the
random graphs Hgr and Hp. The following lemma, proved in Section 6, shows that the event
&(e) happens with high probability.

Lemma 4.2. Fiz 0 <e < %. Then the event E(g) holds with high probability as n — oo.

Recall that the graph HJ, is obtained from Hp by deleting all edges in triangles, and Hp
is obtained analogously from Hp. Note that in Hg, the expected number of triangles is much
less than the expected number of edges, hence a typical edge is unlikely to be on a triangle.
As a consequence, we expect few edges to be deleted when passing from Hp to Hj,. However,
for different edges, there are also dependencies in the probabilities of these edges being on
triangles and hence being deleted when passing from Hp to Hp. In our probabilistic analysis,
we therefore first consider a somewhat denser random graph HF, and then sample Hp by
randomly sparsifying Hy, selecting edges of Hy with an appropriate probability. Crucially, in
this intermediate random graph HF,, with high probability every edge is contained in only very
few triangles. This is helpful, since we then have much fewer dependencies for different edges to
lie on triangles, when further sparsifying Hy, to obtain Hpg.

Formally, we consider independent binomial random graphs Hj, ~ G(m, m~/ 2) with vertex
set Vg = [m] and Hj ~ G(m,m~/2) with vertex set Vz = [m] (also independent from mx
and 7pg), where Hj, is coupled with Hp such that Hr C Hj, always holds, and Hj; is coupled
with Hp such that Hg C Hpy always holds. We furthermore choose these couplings in such
a way that, conditioning on an outcome T—[E of H%, the distribution of the random graph
Hp is given by taking every edge of T—IE into Hr independently at random with probability
p/mfl/ 2=1/ logZm (also independent from all other random choices related to mg, 75, H},
and Hp); and analogously for Hp when conditioning on an outcome flg of Hy.

Now, let Tr be the event that every edge e € E(H},) is contained in at most 20 logm triangles
in Hj. Analogously, let 7p be the event that every edge e € E(Hp) is contained in at most
20log m triangles in Hp. It is not hard to show that these events 7Tr and 7 hold with high
probability; this again follows from an easy Chernoff bound argument (see Section 7.3 for the
details).

Lemma 4.3. The events Tr and Tg hold with high probability as n — oc.

Fr,FB

s-pairing

e-respectful

Hi. H

Tr, TB
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As long as the event T holds, we have sufficiently good control on the dependencies be-
tween different edges to end up in triangles in Hg and thus getting deleted when passing to
Hp,. Specifically, for a list of pairs of edges of K, (corresponding to edge pairs of the form
{mr(us), mr(uj)}, {mr(vi), Tr(vj)}) for i # j in some potential odd connected pairing), we are
interested in the probability that for at least one edge pair in the list both members are present
as edges in Hr and are both not on triangles in Hg. If this happens, both members will be
present as edges in Hj, and therefore lead to edges in Hyp. Our next lemma shows that on the
event Tr, we are indeed quite likely to find one such edge pair in the list, with a probability
estimate that is strong enough to union-bound over all potential odd connected pairings.

Lemma 4.4. Fiz X € {R,B} and v > 0, and assume that n is sufficiently large with respect
to v. Consider a graph T' with vertex set ([7;]) such that e(T') > yn? and Ar < 4n?/m?2. Then
we have

P[Tx holds and there is no {e, f} € E(I') with e, f € E(Hy)] <n™?".

Note that for X = R, the event whose probability is considered in this lemma only depends
on the outcomes of Hj, and Hg (and not on the outcomes of 7, 7, Hj and Hp), and similarly
for X = B the event only depends on the outcomes of Hy and Hp.

5. PROOF OF THE MAIN THEOREMS

In this section, we prove Theorems 1.3 and 1.4 assuming the probabilistic lemmas stated in
the previous section. We will need two more combinatorial lemmas, which we prove in the first
subsection. The second subsection contains the proof of Theorem 3.1 (assuming the probabilistic
lemmas from Section 4), from which we then finally deduce Theorems 1.3 and 1.4 in the last
subsection.

5.1. Combinatorial lemmas. Let us say that a pair {u,v} of vertices u,v € [n] is closed by a
red cherry if there is a vertex w € [n] so that {u,w}, {v,w} € E(Hy) and both these edges are
red. We define what it means to be closed by a blue cherry analogously. The pairs closed by red
or blue cherries are precisely those pairs that we would be forced to delete in the creation of H
from Hy: if a pair {u, v} closed by a red or blue cherry is included as an edge of Hy, it will not
survive into H.

Lemma 5.1. Assume that n is sufficiently large. Then, whenever the events Dg and Fr hold,
the number of pairs {u,v} € ([g]) closed by a red cherry in Hy is at most n?/logn. Similarly,
whenever the events Dp and Fpg hold, the number of pairs {u,v} € ([g]) closed by a blue cherry
in Hy is at most n? /logn.

Proof. By symmetry it suffices to prove the first statement, regarding red cherries. If {u,v} €
([Z]) is closed by a red cherry, this means that there exists w such that {u,w}, {v,w} are red
edges of Hy. This, in turn, means that {mr(u), 7r(w)}, {7Tr(v), TR(w)} are edges of Hj and
hence of Hp, so mr(u) and mr(v) must have a common neighbor in the graph Hg. Since Dg
holds, all vertices of Hr have degree at most 2pm, and so the number of pairs of vertices of Hg
with a common neighbor is at most m - (2pm)? = 4p>m3. Furthermore, for every pair of vertices
x,y € Vg with a common neighbor in Hpg, there are only ‘71'}_%1(.%” < 2n/m options for u € [n]
with 7r(u) = x and only \W}}l(y)| < 2n/m options for v € [n] with 7r(v) = y, since the event
Fr holds. This means that the total number of pairs {u,v} € ([g]) is closed by a red cherry is
at most 4p?m3 - (2n/m)? = 16p*>mn? = 16n2/log* m < n?/logn (recalling that m = [n/log®n],
p=m~2log 2 m, and n is sufficiently large). O

closed by red or

blue cherry
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Recall that our goal is to prove Theorem 3.1. So we want to show that the graph G we
constructed is unlikely to contain an odd connected pairing of size at least en. Recall that any
given s-pairing P = {(u1,v1),..., (us,vs)} in [n] with s > en forms an odd connected pairing
in G if and only if for all distinct ¢,j € [s], at least one of {u;,u;} and {v;,v;} is an edge of
G. To understand whether the pairs {u;,u;} and {v;,v;} form edges in G, we need to consider
their projections {mr(u;), 7r(u;)} and {7r(vi), 7r(v;)} to the vertex set of Hp (and similarly
for Hg). Our goal is to analyze the probability that for some 7,j € [s] both {mg(u;), 7r(u;)}
and {mr(v;), 7r(vj)} form edges of Hp, or more precisely, of Hf, (because then {u;,u;} and
{vi,v;} will be edges of Hp). For this analysis, the first important step is to show that a lot of
pairs of vertex pairs of Hp appear as {{mr(w;), mr(u;)}, {7r(vi), 7r(v;)}} for some i,j € [s].
The following lemma shows this, assuming that wg is e-respectful of P and satisfies Fg.

Lemma 5.2. Let X € {R,B}, fir 0 < ¢ < 1, and let n be sufficiently large with respect to e.
Let P = {(u1,v1),. .., (us,vs)} be an s-pairing in [n| such that s > en. Consider an outcome
7Tx of the random map wx : [n] — [m] which is e-respectful of P and such that the event Fx
holds for mx = 7x.

Let 11 be the set of all pairs {{mx (u;), 7x (uj)},{7x(vi), 7x(vj)}} for all i,j € [s] with
73 (us) # 7 (ug) ond 73 (0) # 7% (05) ond also {75 (), 75 (u5)} # (7% (0), 7%(07)}. Then we
have || > e*n?/6.

We can imagine II in Lemma 5.2 as a graph on the vertex set ([72”}). In this graph, for any
i,j € [s], we draw an edge between {7x (u;), Tx (u;)} and {7x (v;), Tx (v;)}, under the conditions
that Tx(u;) # 7x(u;j) (as otherwise {mx(u;),Tx(u;)} does not correspond to an element of
([7;])), and similarly 7y (v;) # Tx (v;) as well as {7Tx (w;), Tx (u;)} # {7x (v;), 7x (v;)} (since we
do not want to create loops in our graph on ([7;])) We do not draw parallel edges, so if some
pair of vertices in ([7;]) appears as {{mx (w;), Tx (u;)}, {7x (vi), 7x (vj)}} for multiple different
choices of 7,7 € [s], we still only draw a single edge. The conclusion of the lemma is that this
graph has at least *n?/6 edges.

Proof of Lemma 5.2. Without loss of generality let X = R (the case X = B is analogous).
Exclusively for this proof, we adopt the notation ¥ to denote 7Tr(v). By the assumption that
7R : [n] — [m] is e-respectful of P, there exists a subset I C [s] of size |I| > es > ¢%n such that
u; # v; for all i € I, and furthermore the pairs {@;, 7;} for i € I are pairwise distinct.

Note that for any ¢,j € I with u; # u; and v; # U5, we also have {u;,u;} # {v;,7;}. Indeed,
if {w;,w;} = {v;,7;}, then due to w; # v; and uw; # v;, we would have w; = v; and w; = v;
and hence {u;,v;} = {u;,v;} for the distinct elements i,j € I (we must have i # j because of
wu; # Wj). This would be a contradiction.

Recall that II is the set of all pairs {{1/7;, u;}t, {vi, @}} for all ¢, j € [s] with w; # uw; and 7; # v;
and also {u;,u;} # {7;,7;}. Now, let us just consider the pairs {{w;,u;}, {v;,7;}} for all 4,5 € I
with @; # w; and v; # U5 (recall that we then also have {w;,u;} # {v;,v;}). Together, these
pairs form some subset IT; C II, and it suffices to show |II;| > e*n?/6.

The key claim is that for any given z,y, z,w € [m], the pair {{z,y},{z,w}} can appear as
{{wi,w;}, {vi,v;}} for at most two different choices of {7, j} C I. Indeed, if

{fo.y}h {z wh} = {{wm), (v v} ),
then the two pairs {u;,v;} and {@j,7;} must be either the two pairs {z,z} and {y,w} or the
two pairs {x, w} and {y, z}. More precisely, {{u;, v;}, {w;,v;}} must be either {{z, 2}, {y,w}}
or {{z,w},{y,z}}. Since the pairs {u;,v;} are distinct for all ¢ € I, in either of these two cases
there is at most one possibility for {i,j} C I. Thus, in total, there are indeed at most two
choices for {i,j} C I.
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Consequently, for any {i,7} C I with w; # @; and 7; # vj, the pair {{w;,u;}, {v;,7;}} is
an element of Il;, and every element of II; is obtained in this way for at most two choices of
{i,j} C I. Therefore we have

iy S 1w £, w #55}]

|| > 5

Among the total number (\él) of pairs {i,j} C I, the number of pairs with w; = @ is at
most |I] - (2n/m). Indeed, choosing any j € I, in order to have w; = u;, we need to choose
i € I such that u; is a vertex in the set (7g)~!(z) for z = u;. Due to the event Fr we have
|(Tr)~1(z)|] < 2n/m, so there are at most 2n/m choices for u; and hence for i € I (recall that
the vertices uy, ..., us,v1,...,vs are all distinct). Similarly, the number of pairs {7, j} C I with
U; = Tj is at most |I]- (2n/m). Thus,

1 2 2
[{i gy S 1w 47, 5 £ 77} 2 <|2|) 1= =)=

[I| —1 4n
— I _ 2B
(M-

using that n and hence m is sufficiently large with respect to . This implies |TI| > |II;| > e%n?/6,
as desired. O

5.2. Proof of Theorem 3.1. Given the results of the previous subsection, we are now ready
for the proof of Theorem 3.1.

Proof of Theorem 3.1, assuming the lemmas in Section 4. Note that we may assume without
loss of generality that the given fixed value of € satisfies 0 < ¢ < 1/10 (since the statement
in Theorem 3.1 for some value of € automatically implies the same statement for all larger val-
ues of £). Let us define v := ¢%/10 > 0. We are assuming that n is sufficiently large with
respect to €, so n is also large with respect to 7 (in particular, large enough for the statement
in Lemma 4.4 to hold).

Recall that the random graph G constructed in Section 3 has n vertices and satisfies a(G) < 2.
Our goal is to show that, as n — oo, with high probability G does not have an odd connected
pairing of size at least en. This in particular implies that for sufficiently large n (sufficiently
large with respect to ¢), there exists an n-vertex graph G with a(G) < 2 which does not contain
an odd connected pairing of size at least en.

Letting s = [en], observe that G has an odd connected pairing of size at least en if and only
if it has an odd connected pairing of size s, meaning that some s-pairing in [n] forms an odd
connected pairing in G. So we can observe that

P[G has an odd connected pairing of size at least en]
< PIFE] + PIFS] + P[DS] + P[Dg] + PITS] + PITS] + PE(e)°]
+ P[Fr, FB,Dr,Dp, Tr, TB,£(¢) hold and G has an odd connected pairing of size s
< PIFE] + PIFS] + P[DS] + P[D%] + PITS] + PITE] + PE(e)°]
+ ZIP)[}_R,FB,DR,DB,E,TB,g(E) hold and P is an odd connected pairing in G,
P
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where the sum is taken over all s-pairings P in [n]. Note that the number of such s-pairings is
at most n". Thus, it suffices to prove

P[Fr,FB,Pr, D, Tk, T, £(¢) hold and P is an odd connected pairing in G] < n™2" (1)
for every s-pairing P in [n]. Indeed, then using Lemmas 4.1-4.3, we can conclude that
P[G has an odd connected pairing of size at least en]
<o(1) +o(1) +o(1) + o(1) + o(1) + o(1) + o(1) + n™ - n ="
=o(l)+n" =o(1),
as desired.

To prove (1) consider an s-pairing P = {(u1,v1),..., (us,vs)} in [n]. It suffices to prove a
probability bound as in (1) conditional on any outcomes 7r and 7 of the random maps mg
and 7p. If one of the events Fr, Fp and £(¢) fails for these outcomes 7p and 73, the relevant
conditional probability is zero. So we may assume that Fr, Fp and £(¢) hold when 7z = 75
and 7 = 7p. Then, by definition of the event £(¢), at least one of the functions 7 and 7g
must be e-respectful of P. Let us assume without loss of generality that 7g is e-respectful of P
(the other case is analogous).

We can now apply Lemma 5.2, since g : [n] — [m] is e-respectful of the s-pairing P =
{(u1,v1),..., (us,vs)} (with s > en), and Fg holds for mp = 7. As in the lemma statement,
let I be the set of all pairs {{7r(u;), Tr(u;)}, {TR(vi), TR(vj)}} for all i, 5 € [s] with TR (u;) #
7r(uj) and Tr(v;) # Tr(v;) and also {Tr(w), Tr(u;)} # {Tr(v:i), Tr(vj)}. Then by Lemma 5.2
we have |TI| > ¢%n?/6.

Let us now also condition on any fixed outcome ﬂ; of the random graph Hp. If the event
Dp fails for Hg = EE, the relevant probability we want to bound is again zero. So we may
assume that Dp holds for Hp = ﬁ;. Thus, we can apply Lemma 5.1, and conclude that at
most n?/logn pairs {u,v} € ([Z]) are closed by a blue cherry in Hy whenever Hg = Hp and
7 = mp. Note that the outcomes of mp and Hpg completely determine the blue edges in Hy,
and they therefore determine which pairs of vertices are closed by a blue cherry in Hy.

Let IIr C 1II be the set of all pairs {{7r(w;), Tr(u;)}, {7r(vi), Tr(v;)}} for all i,j € [s]
with Tr(u;) # Tr(u;) and Tr(v;) # Tr(vj) and {Tr(w;), TrR(u;)} # {ﬁ(vi),ﬁ(vj)}, such that
neither {w;, u;} nor {v;,v;} is closed by a blue cherry in Hy when Hgp = Hp and np = 7p.
Since the number of {7,j} C [s] such that {u;,u;} or {v;,v;} is closed by such a blue cherry is
at most n?/logn, we find that

n? ein? n? 9

— 2 -

logn 6 logn
recalling that v = £%/10 and using the assumption that n is sufficiently large with respect to e.
Furthermore, the set Il is determined by 7, 75 and ﬁ; (and P).

Now let I' be the graph with vertex set ([Tg]) and edge set IIr. Then e(T') = || > yn?. We
furthermore claim that Ar < 4n?/m?. Indeed, for any given {z,y} € ([Tg]), due to Fg holding
for g = TR, we have |(7r) ! (z)| < 2n/m and |(7r) " '(y)| < 2n/m, and hence there can be at
most (2n/m)? = 4n?/m? pairs {i,5} C [s] with {7r(w;), 7r(u;)} = {z,y} or {7R(vi), TR(v;)} =
{z,y}. Thus, {z,y} appears in at most 4n?/m? of the pairs {{7g(u;), 7r(u;)}, {Tr(vi), TrR(vj)} }
forming II. In particular, each {z,y} € ([7;]) appears in at most 4n?/m? pairs in IIy, and hence
{x,y} as a vertex of I' has degree at most 4n?/m?2. This shows Ar < 4n?/m?, as claimed.

Thus, we can apply Lemma 4.4 to the graph I' on the vertex set ([’;}). We find that

P[Tg holds and there is no {e, f} € E(') with e, f € E(Hp)] <n™>" (2)
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Finally, recall that our goal was to show that, conditional on our fixed outcomes of mg, 75 and
Hp we have (see (1))

P[Fr,FB,Dr, D, Tr, Ti, £(c) hold

and P is an odd connected pairing in G | g = 7r, 7 = 7, Hp = Hp] < n=2m,

We claim that whenever there is a pair {e, f} € E(T') with e, f € E(Hy), and 7 = g,

g = wp, and Hg = fIE, the pairing P cannot be an odd connected pairing in G. In-
deed, as {e, f} € E(') = IIp, we must have {e, f} = {{mr(w), mr(u;)}, {mr(vi), mr(vj)}}
for some indices ¢,j € [s] with mr(u;) # 7mr(u;) and wg(v;) # wr(v;) and {7Tr(u;), TrR(u;)} #
{mRr(vi), 7r(v;)}, such that neither {u;,u;} nor {v;,v;} is closed by a blue cherry in Hy. As
e,f € E(Hy), we now have {mg(u;), 7r(u;)}, {mr(vi), 7r(v;)} € E(Hp). By construction of
Hy, this means that {u;, u;}, {vi,v;} € E(Hp) are red edges of Hy. Since neither {u;,u;} nor
{vi,vj} is closed by a blue cherry, neither of these red edges gets deleted when passing from H
to H and so we have {u;,u;},{v;,v;} € E(H). Recalling that G is the complement of the graph
H, this means that {u;,u;}, {vi,v;} ¢ E(G). Therefore P is not an odd connected pairing in G.
Thus, we can conclude that

P[Fr,FB,Dr,Dp, Tr, Ti, £(¢) hold

and P is an odd connected pairing in G | 7g = 7,75 = 75, Hg = Hp)|

< P[Tr holds and P is an odd connected pairing in G | ngp = 7,75 = 75, Hp = ]/'{-E]
< P[TR holds and there is no {e, f} € E(T') withe, f € E(Hy) | 7r = Tr, 75 = 7p, Hp = EE]
[

= P[Tx holds and there is no {e, f} € E(I') with e, f € E(Hp)]

—2n
AN n )

N

where in the penultimate step we used that the events T and e, f € E(Hp) for {e, f} € E(I)
only depend on the outcome of the random graphs H}, and Hg, and are therefore not affected
by the conditioning on the outcomes of 7, 7p, Hp (which are independent of Hj, and Hg).
Furthermore, in the last step we used (2). This is precisely what we wanted to prove. Il

5.3. Proof of Theorems 1.3 and 1.4. Finally, in order to complete the proofs of Theorems 1.3
and 1.4, in this section we give the short deterministic argument showing that Theorem 3.1
implies Theorem 1.4. At the end of this section, we also include the almost-immediate deduction
of Theorem 1.3 from Theorem 1.4.

Proof of Theorem 1.4, using Theorem 3.1. Fix 0 < n < 1. Our goal is to show that if n is
sufficiently large, there is an n-vertex graph G with «(G) < 2 which does not have K; as an odd
minor for ¢ = [(§ + n)n]. Let € = 1/2, and let G be an n-vertex graph given by Theorem 3.1,
so that a(G) < 2 and G does not have an odd connected pairing of size at least en. It remains
to prove that GG does not have K; as an odd minor.

So suppose for contradiction that there are vertex-disjoint trees 71, ...,7; € G and colorings
X1, - - -, Xt as in the definition of an odd minor. Then each of the trees 7171, ...,T; has at least one
vertex. Furthermore |V(T1)| + -+ + |V(T1)] < n, and hence there can be at most n/3 indices
i € [t] with |V(T;)| > 3. As a consequence, at least t — (n/3) > (% +n)n — (n/3) = nn of the
trees 11, ..., Ty have at most two vertices. In particular, letting s = [nn/2] < n/2, we find that
at least s of the trees have exactly two vertices, or at least s of the trees have exactly one vertex.

Suppose that the first happens, so without loss of generality T1,...,7Ts have exactly two
vertices each. For every i € [s], we know that x; is a proper 2-coloring of the edge T;, hence
one vertex of T; receives color white and the other color black. We can thus define u; to be the
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white vertex of T;, and v; the black vertex. Then {(u1,v1),..., (us,vs)} define an odd connected
pairing of size s: for all ¢ # j, we know that there is some monochromatic (with respect to
Xi, Xj) edge between T; and Tj, and this edge must be either {u;, u;} or {v;,v;}.

In the second case, suppose without loss of generality that 77, ..., Ts each consist of a single
vertex. Then the fact that these s vertices form an odd K minor implies that, for every i # j,
there is an edge between the single vertex of 7; and the single vertex of T;. In particular, we have
actually found that Ky C G. Now, label the vertices in T1,...,7Ts as uy,...,us, and choose s
other arbitrary vertices vy, ..., vs, which we may do since s < n/2. Then {(u1,v1),..., (us,vs)}
is an odd connected pairing since for any distinct ¢, j € [s] there is an edge between u; and u;.

Thus, in either case, we have found that G contains an odd connected pairing of size s. Noting
that s > nn/2 = en, this is a contradiction to our choice of G. U

We end this section by showing that Theorem 1.3 follows from Theorem 1.4.

Proof of Theorem 1.8, using Theorem 1.4. Let 6 > 0, and without loss of generality assume
d < 1. Set n := 46/5 > 0. Now, for any sufficiently large ¢, we can apply Theorem 1.4 to
n = [(3 — 10n)t] and 7, and obtain an n-vertex graph G with a(G) < 2 not having K; as an
odd minor (here, we used that ¢ > (% +n)(3 — 9n)t > (5 + n)n, if ¢ is sufficiently large). We
conclude by observing that x(G) > n/a(G) > n/2 > (2 — 5n)t = (3 — §)t. O

6. PROPERTIES OF THE RANDOM FUNCTIONS

In this section, we provide the proof of Lemma 4.2.

Proof of Lemma 4.2. Fix 0 < € < 1/10, and let s = [en]|. We need to show that as n — oo, it
holds with high probability that for each s-pairing P in [n] at least one of the random functions
mr and wp is e-respectful of P. We may in particular assume that n is sufficiently large with
respect to €.

We begin by fixing an s-pairing P = {(u1,v1), ... (us,vs)} in [n], and letting 7 : [n] — [m] be
a uniformly random function. We claim that

P[r is not e-respectful of P] < n~ (/8 (3)

First, note that if 7 is not e-respectful of P, then this means that there is a set T' C ([rg]) of size
|T'| = |es] such that for all i € [s] we have {m(u;),7(vi)} € T or mw(u;) = w(v;).
For a fixed set T' C ([7;]) of size |T| = |es] and a fixed index i € [s], we have

P[{m(us), m(v0)} € T or m(us) = m(vi)] < Blw(us) = w(vi)] + P{m(u), w(vi)} € T1.

The first summand on the right-hand side is exactly 1/m, and the second summand is exactly
2|T|/m?. Indeed, (m(u;),m(v;)) € [m]? is uniformly distributed among all m? options, and
precisely 2|T| of these options correspond to pairs in 7' C ([’;‘]) (note that for every pair in T’
there are two possible orderings, meaning that there are two corresponding elements of [m]?).
In total, we find that

2 2
i+2\T| _ 2|7+ m < 2e"n+2+m . 3e“n

X
2 2 m2

Pl{m(ui), m(vi)} € T or w(u;) = 7(v;)] < <n /8

m - m? m m
for every i € [s] (here, we used that |T| = |es] < e(en+ 1) < e?n + 1 and m = [n/(logn)®],
and that n is sufficiently large with respect to €). Now, the outcomes of 7(u;) and 7(v;) are
independent over all the different i € [s]. Therefore, we obtain

P[for all i € [s] we have {m(u;),7(v;)} € T or m(u;) = 7(v;)] < (n~7/8)s < n~ (/8
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Applying the union bound over the
m ES
(2) < m < (n2)52n+1 _ n262n+2 < nan/4

choices of T' C ([ZL}) of size |T| = |es] (where we again used that n is sufficiently large with
respect to €), we find that

P[r is not e-respectful of P] < n/4 . n=(7/8)en — =(/8)en,
proving (3). As a consequence of (3), we see that for the fixed pairing P, we have

Plrr and 7p are both not e-respectful of P] = (P[r is not e-respectful of P])2 < n~ /e,

since mg, 7 are independent and both uniformly random among all maps [n] — [m]. Finally,

we note that the number of s-pairings P in [n] is at most (2)23!, as we may pick the set
{u1,...,us}, then pick the set {v1,...,vs}, and finally pick a bijection between them encoding
the pairs {u;,v;}. This number is

2
<n> s! < 227158 < 22nns < 22nnan+1 _ nen+1+2n/log2n < n(9/8)an.
S

Applying a union bound over all choices of P, we find that

P[for some s-pairing P in [n] neither mr nor wp is e-respectful of P]

< n(9/8)5n . n7(5/4)5n _ nfsn/S.

Thus, for n sufficiently large with respect to e, the probability that the event £(e) fails is at
most n~¢"/%. In particular, £(&) holds with high probability as n — oc. O

7. PROPERTIES OF THE RANDOM GRAPHS

Our main goal in this section is to prove Lemma 4.4; in Section 7.3 we also prove the simple
Lemmas 4.1 and 4.3.

7.1. A preparatory lemma. In order to prove Lemma 4.4, we will need Lemma 7.2 below.
Before stating and proving this lemma, we state a concentration inequality, closely related to
Talagrand’s inequality [52], which was proved by McDiarmid and Reed [37, Theorem 2].

Lemma 7.1. Letr > 0, let X1,..., Xn be independent random variables taking values in a finite
set S, and let X = f(X1,...,Xn) for some f: SV — Rsq. Suppose that for all i € [N] and
x € SN, changing the i-th coordinate of x changes the value of f(x) by at most 1. Furthermore,
suppose that for every x € SN there ewists a subset J C [N] with |J| < rf(x) such that every
y € SN with y; = x; for all i € J satisfies f(y) > f(x). Then, for allt >0, we have

2

Pl X <E[X]—-t| < — .

[ (X7 ~1] eXp( 2-(rE[X]+t/3)>
The key lemma in the proof of Lemma 4.4 is the following lemma about a random vertex
subset V* of a given graph I', containing each vertex of I' independently with some probability
g. The lemma states that, with large probability, in I'[V*] we can find a large matching (i.e. a
large set of pairwise disjoint edges). We will apply this lemma with I" being the graph on ([Tg])
given in Lemma 4.4, and the random subset V* C ([gl]) corresponding to the edge set of the

random graph H¥.
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Lemma 7.2. Let T be a graph, and consider a random vertex set V* C V(I') where every vertex
of T is included independently with some probability ¢ < 1/Arp. Then with probability at least

2
qe(l
1_eXp<_ 20(0)>’

there exists a matching M* of size at least ¢?e(I")/20 in the induced subgraph T'[V*].

To prove the lemma, we apply Lemma 7.1 to the matching number of I'[V*].

Proof of Lemma 7.2. If e(I") = 0, the statement in the lemma trivially holds, so we may assume
e(T') > 1, and hence Ar > 1.

We need to show that with very large probability the graph I'[V*] contains a matching of size
at least ¢%e(T")/20, i.e., it has matching number v(I'[V*]) > ¢2e(I")/20. To do so, we first show a
lower bound on E[v(I'[V*])]. Let us consider the set E* consisting of all edges {u,v} € E(I'[V*])
with dppy+(u) = dpy+(v) = 1. In other words, E* is the collection of all edges {u,v} € E(I)
with u,v € V* where both u and v have degree 1 in I'[V*]. Note that then the edges e € E* are
automatically pairwise disjoint (because if two such edges were to meet in a vertex, then this
vertex would need to have degree at least 2), and thus we always have v(I'[V*]) > |E*|. Observe
that for any fixed edge {u,v} € E(I') we have

P{u,v} € E*] = Plu,v € V* and dppy+)(u) = dpy+(v) = 1]
> Plu,v € V" and = ¢ V* for all x € Np(u) U Np(v) \ {u,v}]

1 \2(Ar-1) q?
> g2 (1— 2(Ap—1)>2_(1_ ) >2e 2>
¢ - (1-4q) q Ar q-e 10’
where we used the assumption ¢ < 1/Ar and that (1 — 1/¢)!=1 > 1/e holds for all positive
integers t. Thus, we obtain
2 2
N 5 ¢ _ qel)
E[v(T > E[|E] > eT) - L =
(VD] > BB > en) - & = T4

Note that we can view v(I'[V*]) as a function of the indicator random variables for the events
v € V* for v € V(I'). Further note that changing only one of these variables can change v(I'[V*])
by at most 1 (since adding or omitting a vertex from V* changes the matching number of I'[V*]
by at most 1). We claim that, taking = 2, also the second condition in Lemma 7.1 is satisfied.
Indeed, for every vertex subset X C V(I'), we can take J C X C V(I') to be the vertex set of
a matching of size v(I'[X]) in T'[X]. Then we have |J| = 2v(T'[X]), and we furthermore have
v(I'Y]) > v(I'[X]) for every Y C V(I') with J C Y. Hence, we can apply Lemma 7.1 to the
random variable v(I'[V*]) with the parameters » = 2 and ¢t = E[v(I'[V*])]/2 to obtain:

Ply(T[V*]) < ¢ ;ér)] < P[V(F[V*]) <EpT[V*])] - E[’/(FQ[VW}
ol — (E[v(T[V*])]/2)?
¢ p( 2 CEp[TV*)] +ETV ])]/6)>
Elv(@[V*])] ¢*e(I)
Sexp(—zo> <ex p( 500 ) ]

7.2. Proof of Lemma 4.4. We are now ready to prove Lemma 4.4. In the proof, we apply
Lemma 7.2 to the given graph I' with vertex set ([g‘]) and the random graph HY, whose edges
can be viewed as a random subset of the vertex set V(I'). We can then conclude that with
very large probability there exists a large matching M* in I' such that e, f € E(HY%) for all
{e, f} € M. Therefore, we may condition on a fixed outcome of H% such that this holds, and
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such that the event Tx holds (meaning that every edge in H% is contained in only few triangles).
We can then select a submatching M C M* such that not just all {e, f} € M* are disjoint from
one another, but also the sets of those edges that together with e or f lie on a triangle in H¥ are
disjoint for all {e, f} € M. For such a submatching M C M*, the events of having e, f € E(HY%)
(i.e., having e, f € F(Hx) and neither e nor f lying on a triangle in Hx) are independent for
all {e, f} € M. This allows us to conclude that at least one of these events is likely to happen.

Proof of Lemma 4.4. Without loss of generality, let X = R (the case X = B is analogous). We
are given a graph I' with vertex set ([Tg}) such that e(T') > yn? and Ar < 4n?/m? < 4log!®

8log'®m. The edge set of the random graph E (Hy) can be interpreted as a random subset
of ([m]) which includes every element of ([7;]) independently with probability m~1/2. Thus,
E(H%) is a random subset of the vertex set of I', and we can apply Lemma 7.2, noting that
if n (and thus m) is sufficiently large, we have m~2 < 1/(8log!®m) < 1/Ar. Let H denote
the event (depending only on the outcome of HF) that there exists a matching M* of size
|M*| = (m~1/2)2¢(T) /20 = ¢(T')/(20m) in the induced subgraph T'[E(H})], i.e. a matching M*
of size [M*| > e(I")/(20m) in I" such that e, f € E(H},) for all {e, f} € M*. By Lemma 7.2 we

have
—1/2)2 2
P[H] > 1—exp<—<m)e(r)> > 1—exp<— o > 21—exp(—nlog7n),

200 200m

recalling that m = [n/log® n] and n is sufficiently large with respect to .
It now suffices to show that

P[there is no {e, f} € E(I') with ¢, f € E(Hg) | # and Tg| < exp(—3nlogn). (4)
Indeed, upon proving this we can conclude that
[Tk holds and there is no {e, f} € E(T') with e, f € E(Hp)]
< P[# and Tg hold and there is no {e, f} € E(T') with e, f € E(Hg)] + P[H°]

< P[there is no {e, f} € E(') with e, f € E(Hg) | H and Tg] + P[H°]

< exp(—3nlogn) + exp(—nlog” n) < exp(—2nlogn) = n=2",

as desired. So it only remains to prove (4).

Recall that both of the events H and T are determined by the outcome of the random
graph HF,. Thus, to show (4), we can condition on a fixed outcome Hj, of H}, satisfying H and
Tr. This means that there is a matching M* in T of size |M*| > e( )/(20m) > yn?/(20m) with
e, f € E(H*) for all {e, f} € M*, and furthermore that hat every edge in H* lies on at most 20logm
triangles of H %. In partlcular for any edge e € E (H %) there are at most 40logm other edges
appearing on a triangle in H* together with e. For any {e, f} € M*, let S¢. ) C E( %) be the
set of edges that are equal to e or f or appear on a triangle in H * together with e or f. Then
we have ‘S{e,f}| < 40logm + 40logm + 2 < 100logm for any {e,f} € M*, and furthermore
every edge appears in Sy, sy for at most 40logm + 1 < 50logm different {e, f} € M*.

Now, for any {e, f} € M* there are at most 100logm - 50logm = 5000log?m different
{e/, f'} € M* with St 5y N Sqer py # @. Therefore, via a simple greedy procedure (or alterna-
tively by the bound of the independence number of a graph in terms of its maximum degree),
we can choose a submatching M C M* of size

* 2 2
M| > |M2| 5 an /(2(2)m) 5 __m > gl
50001log?m +1 ~ 10%*log®m ~ 10%mlog*m ~ 2-10°

-nlog®n > 6nlog®n
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such that for any distinct {e, f},{€, f'} € M we have S¢. ;3 N S(er 1y = 9.

Now, conditional on the event Hp = ﬁ%, the random graph Hpg is obtained as a random
subgraph Hr C flg that includes every edge of ﬁg independently with probability 1/ log? m.
Note that for every {e, f} € M C M* C E(T'), whenever we have S¢. sy N E(HRg) = {e, f}, we
have e, f € E(HRg) and no triangle in Hg contains e or f. Now, the events Sy, ;yNE(HRg) = {e, f}
are independent for all {e, f} € M, and for each {e, f} € M we have

P[S(e.sy N E(Hg) = {e, f} | H} = Hy) > <;>2 (1 1 )lS{e,f}|—2

log?m log?m
1 1 100 log m 1
Z Yoot (1 T 002 ) Z i
log®m log“m 2log®m

Thus, we obtain
P[there is no {e, f} € M with e, f € E(Hpg) s.t. no triangle in Hg contains e or f | Hp = ﬁg]
< P[there is no {e, f} € M with S, sy N E(Hg) = {e, f} | Hi = Hj]

1 M| M 6n log”
< <1 ) gexp<— | ‘ )gexp<—nOgn) <exp(—3nlogn).

2 log* m 2log*m 21og* m

For any {e, f} € M C M* C E(T') with e, f € E(Hpg) such that no triangle in Hgr contains e or
f, by the definition of H}, we have e, f € E(Hp). Thus, we can conclude

P[there is no {e, f} € E(T) with e, f € E(Hp) | Hf, = ﬁg] < exp(—3nlogn),
as desired. (]

7.3. Proof of Lemmas 4.1 and 4.3. In this subsection we derive Lemmas 4.1 and 4.3 from
the Chernoff bound. We will use the following simple form of the Chernoff bound, which follows
for example from [25, Theorem 2.8 and eq. (2.10)].

Lemma 7.3. Suppose that X is a sum of independent indicator random variables. Then, for
all t > 2 - E[X], we have

t
PX >t < exp<—6>.

With this tool, the proofs of Lemmas 4.1 and 4.3 are quite straightforward.

Proof of Lemma 4.1. It suffices to prove the results for D and Fg, since the proofs for Dp
and Fp are analogous. First, fix some vertex v € Vg, and let X, be its degree in Hg. Then
X, is distributed as a binomial random variable with parameters (m — 1,p), so in particu-
lar E[X,] < pm = (2pm)/2. Thus, Lemma 7.3 implies P[X, > 2pm] < exp(—2pm/6) =
exp(—m!/?log=?m/3) < m~2, where the final inequality holds for n and hence m sufficiently
large. Thus, taking a union bound over all v € Vi proves that Dp holds with high probability.

Similarly, for fixed v € Vg, let Y, denote the random variable \W}}l(vﬂ. We thus have that
Y, is distributed as a binomial random variable with parameters (n,1/m), so E[Y,] = n/m. We
may thus apply Lemma 7.3 to see that P[Y, > 2n/m] < exp(—(2n/m)/6) < exp(—log®n/4) <
n~2 < m™2, where the penultimate inequality again holds for sufficiently large n. Another union
bound over all v € Vi shows that Fr holds with high probability. O

Proof of Lemma 4.3. 1t suffices to show that Tr holds with high probability; the proof for Tp
is analogous. For distinct u,v € V(Hp), the number X, , of common neighbors of u and
v in H}, is a binomial random variable with parameters (m — 2,m~!). Indeed, any vertex
w € V(HE) \ {u,v} has edges to both u and v with probability (m~'/2)2 = m™!, and this
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happens independently for all w € V(Hp)\ {u,v}. Since E[X,,] < 1 < (20logm)/2, Lemma 7.3
yields P[X,,, = 20logm] < exp(—3logm) = m~3. Taking a union bound over the at most m?
choices for w,v € V(H},) shows that with high probability we have X, , < 20logm for all
distinct u,v € V(H}). Whenever this happens, every edge in H}, is contained in at most
201log m triangles, and so Tg holds. O

8. CONCLUDING REMARKS

Given that we have disproved the odd Hadwiger conjecture, and given the close connection
between Hadwiger’s conjecture and its odd variant, it is natural to wonder whether our ap-
proach could disprove Hadwiger’s conjecture itself. At the moment, there appear to be serious
obstructions to achieving this.

The most natural thing one could try in order to disprove Hadwiger’s conjecture is to simply
analyze the presence of K, /o as a minor in our construction, and aim to prove that with high
probability, the constructed graph does not have K, as a minor. There are at least two
serious issues with making such an approach work. The first concerns the numbers: if we
now consider K/, as an ordinary minor (no longer required to be odd), then we have four
potential connections available between two given trees T; and T} of order 2. We would thus
want p*n? > nlogn for our union bound to work, requiring p > n~/4. Since we also need
p < ¢/+/m in order to delete all triangles from G(m, p) without removing many edges, this would
require m < /n; however, several parts of our proof completely break down at such a small
value of m.

The other issue seems perhaps even more serious. Recall that in our proof, we immediately
dropped one of the conditions defining an odd connected matching, and instead passed to working
with an odd connected pairing; namely, we did not require that our branch sets T; actually define
a connected subgraph of G. For odd minors, dropping this condition turned out to be immaterial.
However, for ordinary minors, one cannot simply drop this condition: it is easy to see that in any
proper coloring of G with x(G) colors, there must be at least one edge between every two color
classes. Thus, if we allow branch sets that are not connected, then every graph G contains such
a “weak minor” of order x(G), simply obtained by contracting each color class of any optimal
coloring. Thus, any argument that aims to disprove Hadwiger’s conjecture must crucially use
that the branch sets are connected, and it is difficult for us to see how this extra condition could
significantly affect the relevant probabilities.

Acknowledgments: We would like to thank Micha Christoph, Jacob Fox, Marc Kaufmann,
Anders Martinsson, and Rob Morris for helpful and inspiring discussions related to this topic.
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APPENDIX A. OPTIMALITY OF THE FACTOR %

In this section, we prove Proposition 1.5, whose proof is inspired by similar arguments used
in [27]. In the proof, we make use of the following result of Gallai [19]. Recall that a graph is
called k-critical if it has chromatic number k but every proper subgraph is (k — 1)-colorable.

Theorem A.l. Let k > 2 be an integer, and let G be a k-critical graph. If |V (G)| < 2k — 2,
then there exists a partition V(G) = X1 U X2 of V(G) into two non-empty sets X1 and Xo such
{xl,l’g} S E(G) fOT all 1 € X1 and 29 € Xs.

With this tool, we are ready to present the proof of Proposition 1.5.

Proof of Proposition 1.5. We prove the statement in the proposition by contradiction. Sup-
posing the statement is false, let ¢ and G be chosen to form a counterexample minimizing
n := |V(G)|. Then o(G) < 2, the graph G does not contain K; as an odd minor, and we have
k= x(G) > [3(t — 1)] and therefore k — 1 > [3(¢t — 1)]. By [32, Theorem 1.8], G contains
Kiy,/3) as an odd minor, so we have [n/3] <t —1 and hence n < 3t — 3 < 2k — 2. Observe that
by our minimality assumption on |V (G)|, we have x(G —v) = k —1 for every v € V(G). Letting
G’ be a k-critical subgraph of G, we must therefore have V(G') = V(G), and by Theorem A.1
we find that there exists a partition V(G) = V(G’') = X; U X5 of V(G') = V(G) into non-empty
subsets X7 and X5 such that all possible edges between X; and X» exist in G’ and thus also in
G.

Let G1 := G[Xi] and Gy := G[X3], and note that we have x(G) = x(G1) + x(G2). For
i € {1,2}, let t; denote the largest positive integer such that G; has Ky, as an odd minor. By
our minimality assumption on |V (G)|, we then have x(G;) < [5t;] for i € {1,2}.

Finally, for i € {1,2}, let Y; C X; be chosen as an inclusion-wise minimal subset of X; such
that G[Y;] still contains K, as an odd minor, and let 7%, . .. ,Ttii be a collection of vertex-disjoint
trees in G[Y;] as in the definition of odd minors. This means that for i € {1,2} there exist proper
colorings of the vertices of each of the trees T%,... ,Ttii with the colors black and white, such
that any two of these trees are connected by some monochromatic edge. Note that each of these
trees is either a single vertex or has both black and white vertices, and that for each ¢ € {1,2}
all single-vertex trees among T}, ... ,Ttii must have the same color. Swapping the colors black
and white if needed in the colorings of T%,... ,Z}i for one or both i € {1,2}, we may assume
without loss of generality that for each i € {1,2}, all trees T}, ..., T}, contain a white vertex.

Now, by considering the collection of trees T7,. .. ,Ttll,Tf, . ,Tt22 we find Ky 44, as an odd
minor in G. This means that t; 4+ t3 <t — 1. Moving on, we distinguish two cases.

Case 1: There exist ¢ € {1,2} and y € Y; such that (X;\Y;) U {y} is independent.
Let us assume without loss of generality that ¢ = 1 (the case i = 2 is analogous). In this case,

we can obtain a better estimate on the chromatic number of G, as follows. By minimality of Y7,
the graph G} := G1—((X1\Y1)U{y}) = G[Y1\{y}] does not contain Ky, as an odd minor. Thus,
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since a(G) < a(G) < 2, and by minimality of G, we obtain x(G1) < x(G})+1 < [3(t1 — 1)|+1.
We therefore have

X(G) = x(G1) + x(G2) < ([3(“2_1)} + 1) + F’ﬂ = F’(“Q_ﬂ + F’ﬂ +1.

Consider first the case that ¢1 is even and t5 is odd. Then we have [3('51_1)} = 3(t12_1) + % and

2
(3] = 3L 4 1 as well as {3(“2“2)] = S(tl;tQ) + 5 (since t1 + t5 is odd). So we can conclude

x(G)<(W+;>+<?+;)+1=W+;= F)(tl;tﬂ < {3(752—1)]

In all other cases, we have that ¢; is odd (and hence ¢t; — 1 is even) or t2 is even and thus
[73(“2_1)] + (3%} < 73(“2_1) +3% —1—% holds, since the expressions (3(“2_1)] — 3(t12_1) and [3%] — 3%
are both bounded by % and at least one of these two expressions is equal to 0. Therefore we
obtain

) < P(tl - 1)} . [3;2 3(t12— 1) 3;2 % _ 3 2

. 1+1<++ +1_3(t1+t2)<[3(t—1)".

In any case, this yields a contradiction to the assumption x(G) > [2(t — 1)] and concludes the
proof of Case 1.
Case 2: For all i € {1,2} and y € Y}, the set (X;\Y;) U{y} is not independent.

This, in particular, implies that X;\Y) # @ and X5\ Y2 # @. Let T C G[(X1\Y1)U(X2\Y2)]
be a tree with a proper 2-coloring defined as follows. If X7 \ Y7 is an independent set in G, then
we let T be any spanning tree of the complete bipartite graph spanned between Xj \ Y7 and
X9\ Y2 in G, and we color all vertices in X \ Y7 white and all vertices in X5 \ Y5 black. On the
other hand, if the set X7\ Y] is not independent, then we pick two adjacent vertices u,v € X71\Y7,
and some vertex w € Xs \ Ya, and define T as the path with vertices u, v, w in G (in this order),
with v and w colored white and v colored black.

We claim that now, every vertex in Y; U Y5 has a white vertex in T" as a neighbor. To verify
this, consider first the case that X; \ Yj is independent, then the set of white vertices in T is
X1\ Y:. Now, by assumption of Case 2, every vertex y € Y7 must have a neighbor in X; \ Y;
(i.e., a white neighbor in T'). Furthermore, every vertex y € Y, C X also has a neighbor in
X1\ Y7 (since all possible edges between X; and X3 exist in ). Thus, every vertex in Y] U Y
has a white vertex in T as a neighbor if X \ Y] is independent.

Next, consider the second case, where T is the path on vertices u,v,w with u,v € X; and
w € Xo, and u,w are the white vertices of T. Now, every vertex y € Y7 C X; is a neighbor of
w and every vertex y € Yo C X5 is a neighbor of u. Thus, again every vertex in Y7 U Y5 has a
white vertex in T' as a neighbor.

Now, the collection of the trees Tll, .. ,Ttll,Tf, e ,Té,T shows that G contains Ky, 1¢,4+1 as
an odd minor in G. Indeed, we clearly have a monochromatic edge between any two of the trees
Tll7 e ,Ttl1 as well as between any two of the trees T127 . ,Tt22, by how we chose these trees.
Furthermore, for any j; € [t1] and ja € [to] there is a monochromatic edge between the trees lel
and TfQ, since both of them contain a white vertex, and these two white vertices form an edge
in G (since G contains all possible edges between X; and X5). Finally, every vertex in Y7 U Y
has a white neighbor in T, so in particular from each of the trees T, ..., Ttll,Tf, . ,TEQ there
is a monochromatic edge to T'.



DISPROOF OF THE ODD HADWIGER CONJECTURE 24

Since we assumed that G does not contain K; as an odd minor, we can now conclude that
t1 +to + 1 <t — 1. This implies
3t1 3to 3t1 1 3to 1 3(t1 +to + 1) 3
= < | = - | S| *+3 -tz ——— < $(t—1),
K@) =x(G+xGn) < | B+ 2 < (G g )+ (B g) <2 < Sy

contradicting our initial assumption x(G) > [3(t — 1)]. This concludes the proof of Case 2 and

thereby of the whole proposition. O
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