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Abstract

A partition of a (hyper)graph is e-homogeneous if the edge densities between almost all clusters
are either at most € or at least 1 — . Suppose a 3-graph has the property that the link of every
vertex has an e-homogeneous partition of size poly(1/e). Does this guarantee that the 3-graph
also has a small homogeneous partition? Terry and Wolf proved that such a 3-graph has an
e-homogeneous partition of size given by a wowzer-type function. Terry recently improved this
to a double exponential bound, and conjectured that this bound is tight. Our first result in this
paper disproves this conjecture by giving an improved (single) exponential bound, which is best
possible. We further obtain an analogous result for k-graphs of all uniformities k > 3.

The above problem is part of a much broader programme which seeks to understand the
conditions under which a (hyper)graph has small e-regular partitions. While this problem is
fairly well understood for graphs, the situation is (as always) much more involved already for
3-graphs. For example, it is natural to ask if one can strengthen our first result by only requiring
each link to have e-regular partitions of size poly(1/¢). Our second result shows that surprisingly
the answer is ‘no’, namely, a 3-graph might only have regular partitions of tower-type size, even
though the link of every vertex has an e-regular partition of polynomial size.

1 Introduction

Many important questions in extremal combinatorics are of a “local-to-global” nature: given local
information about a certain discrete object, can we deduce something about its global structure? For
example, extremal statements such as Turén’s theorem [43] or the Brown-Erdés—Sés conjecture [6]
assert that if a (hyper)graph has no local portion that is too dense, then one can deduce a stronger
bound on its global density.

When dealing with hypergraphs, a natural type of local condition that one can impose concerns
the links of vertices. Here, given a k-uniform hypergraph H and a vertex v € V(H), the link L(v) of
v is the (k — 1)-uniform hypergraph on vertex set V(H)\{v} and edge set {S : Su {v} € E(H)}. The
collection of all links {L(v) : v € V(H)} provide a local view of the hypergraph H, and it is natural
to ask which global properties can be deduced from this set of local views.

There are a number of well-known results and problems along these lines. For example, a famous
result of Garland [22], which is critical to the study of high-dimensional expanders (see e.g. the
survey [30]), roughly states that if all links are good spectral expanders, then the entire hypergraph
is a good expander; see [30, Theorem 2.5] for the precise statement. In Turan theory, a statement of
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this type is given by a famous conjecture attributed to Erdés and Sés (see [21, Conjecture 1]), which
states that if all links of a 3-uniform hypergraph are bipartite, then the hypergraph has edge density
at most %. In Ramsey theory, a recent result of Fox and He [14] essentially completely resolves
the question of what global information on the independence number of a 3-uniform hypergraph
(henceforth 3-graph) can be deduced from the local information of forbidden configurations within
its links.

In this paper, we study analogous questions that arise in the theory of graph and hypergraph
regularity. A bipartite graph with parts A, B is said to be e-reqular if for all X € A, Y € B with
|X| = ¢|Al,|Y]| = ¢|B] it holds that |d(X,Y) — d(4, B)| < e, where d(X,Y) = e(X,Y)/(|X]||Y])
denotes the edge density. The famous regularity lemma of Szemerédi [35] asserts that every graph
has a vertex partition into parts Vi,..., V) such that all but an e-fraction of pairs of parts (V;, V)
define an e-regular bipartite graph, and such that k£ < K (e) for some constant K (g) depending only
on ¢; such a partition is called an e-regular partition of size k. While Szemerédi’s regularity lemma
is of extraordinary importance in graph theory, theoretical computer science, number theory, and
other areas of mathematics, its applicability is often limited by the terrible quantitative bounds it
produces. Indeed, Szemerédi’s proof showed that K () is at most a tower-type function' of 1/e, and
a famous construction of Gowers [23] demonstrates that such tower-type bounds are necessary in
the worst case. As such, there is a great deal of interest in proving more reasonable quantitative
bounds on K (¢) if one assumes that G has certain extra structure. Such assumptions can be global
in nature (such as assuming that G is defined by semi-algebraic relations of bounded complexity
[7, 16, 17]) or local in nature (such as assuming that G forbids a fixed induced bipartite pattern
[2, 8, 18, 29]). In both of these cases, one can obtain an e-regular partition with only poly(1/¢) parts,
a substantial improvement over the tower-type bound that is necessary without such assumptions.
In this paper we focus on questions of this type in the setting of (hyper)graphs, but it is worth
noting that similar questions have recently been studied in other areas such as arithmetic regularity
in groups [11, 36, 40, 41].

In hypergraphs, the most natural extension of the notion of e-regularity is now termed weak e-
reqularity. We say that a tripartite 3-graph with parts A, B,C is weakly e-regular if for all X <
AY € B, Z < C with | X| > ¢|A|,|Y| = ¢|B|,|Z| = ¢|C|, we have

‘d(X7Y7Z) - d(A7B7C)’ < &,

where d(X,Y,Z) = e(X,Y,Z)/(|X||Y]||Z|) denotes the edge density.

Extending Szemerédi’s work, Chung [10] proved a regularity lemma for 3-graphs, which states
that every 3-graph has a vertex partition into at most K(g) parts, such that all but an e-fraction of
the triples of parts define a weakly e-regular tripartite 3-graph. Her proof again yields tower-type
bounds on K(¢), and it is easy to embed Gowers’s example into a 3-graph to deduce that such
tower-type bounds are necessary in the worst case. We remark that Chung’s notion is now called
weak regularity because it is too weak to be of use in most applications of the regularity method,
such as the proof of the removal lemma; for such applications, more refined notions of hypergraph
regularity had to be developed, and we refer to [24, 25, 34] for more information.

Following the pattern of local-to-global questions discussed above, it is natural to ask whether
weak regularity of a 3-graph can be deduced from regularity of its links, and it is not hard to see
that the answer is yes. Indeed, let H be a tripartite 3-graph with parts A, B, C, and suppose that
every vertex ¢ € C has a link? L(c) which is an e-regular bipartite graph between A and B. Note

1We recall that the tower function is defined by twr(0) = 1 and twr(z + 1) = 2%@ for z > 0.
2Strictly speaking, the link of a vertex ¢ € C consists of a bipartite graph between A and B, plus isolated vertices



that for all X € A, Y € B, Z < C, we have

en(X,Y,2) = ) er(X,Y),
ceZ

simply by the definition of the link. As a consequence, the edge densities satisfy

1
@umm=@2@mxm
ceZ

Now suppose that | X| = ¢|A|,|Y| = ¢|B|,|Z| = ¢|C|. Then the assumption that L(c) is e-regular
implies that |dp)(X,Y)—dr) (A, B)| < e. Note too that ﬁ Yz dre) (A, B) = du(A, B, Z), hence
we conclude that

dp(X,Y, Z) — du(A, B, Z)| < e.

If we now assume that every vertex a € A has an e-regular link as well, we may run the same
argument and deduce that |dg(A, B,Z) —dgy(A,B,C)| < e.

In other words, we have just proved that if all vertices® of H have an e-regular link, then H itself
is weakly 2e-regular. Of course, the utility of the regularity lemma is that it allows us to decompose
any graph into e-regular pieces, so the natural next question is as follows: if every vertex-link in H
has a small regular partition, does this guarantee that H itself has a small weakly e-regular partition?

Our first result answers this question very strongly in the negative, even if we require that the
links have small regular partitions with a regularity parameter much smaller than €.

Theorem 1.1. Let 0 < 0 < € such that € is sufficiently small. Then for every n = ny(d), there is
an n-vertex tripartite 3-graph H with the following properties.

e For allve V(H), the link Ly (v) has a §-regular partition with O(5=8) parts.
o Fvery weakly e-reqular equipartition of H has at least twr (Q(log %)) parts.

In particular, as every 3-graph has a weakly e-regular equipartition of tower-type size, Theorem 1.1
states that having small regular partitions of all links is essentially useless: it provides no extra
benefit, in terms of the size of a weakly regular partition, than assuming no such information.
We remark that by adapting ideas from [32] one can improve the lower bound to be of the form
twr(poly(1)); however, as we believe that the important issue is whether there is a sub-tower bound,
we decided to stick with a simpler proof that gives only a logarithmic lower bound on the tower height.

However, our other main result is positive, and says that information about regular partitions of
the links s useful, if we strengthen the notion of regularity. Namely, let us say that a bipartite graph
with parts A, B is e-homogeneous if d(A, B) € [0,e] U [1 —¢,1]. It is easy to verify that homogeneity
is a strictly stronger notion than regularity (up to a polynomial change in ¢). Homogeneity for
k-partite k-graphs is defined analogously; namely, a k-tuple of parts Ay, ..., Ay is e-homogeneous if
d(A1,...,Ax) €[0,e] U [l —¢€,1]. For convenience, we focus on the k-partite setting, but we remark
that this restriction is not essential and can be easily removed (see Remark 1.5 for details). Thus, for
a k-partite k-graph H with parts Aq,..., Ag, we only consider vertex partitions which respect the

corresponding to every vertex in C'\{c}. But when working in the partite setting, it is more natural to delete these
isolated vertices.

3In fact, we did not even need to use this assumption for vertices of B. On the other hand, only assuming that
vertices in one part (say C) have regular links does not suffice; indeed, define a 3-graph by having half of the vertices
of C be isolated and the other half form an edge with every pair in A x B. This 3-graph is not e-regular but every
vertex in C has an e-regular link.



partition into Ay, ..., Ag. Such a partition, consisting of a partition P; of A; for every i € [k], is said
to be e-homogeneous if the total sum of | X;|---|Xj| over all k-tuples (X1,...,Xx) € Py X -+ x Py
which are not e-homogeneous is at most | A;|-- - |Ag|.

Note that it is no longer the case that all graphs or k-graphs have an e-homogeneous parti-
tion of bounded size; for example, a random k-partite k-graph of edge density % does not have
a i—homogeneous partition into any bounded number of parts. However, our second main result
demonstrates that if every link has a small homogeneous partition, then so does the hypergraph
itself. Before stating this result precisely, we recall some of the history and known results on the
question of which graphs and hypergraphs admit small homogeneous partitions.

In the case of graphs, the answer has been well-understood for some time, and it turns out that
the key notion is that of having bounded VC-dimension. We recall that the VC-dimension of a graph
G is the largest integer d such that there exist distinct vertices vy, ...,vq € V(G) with the property
that for all S < [d], there exists a vertex wg which is adjacent to {v; : i € S} and non-adjacent to
{vj : j ¢ S}. Generally, the precise VC-dimension of a graph is not very important, and we are only
interested in the property of having bounded VC-dimension, i.e. bounded by an absolute constant
independent of the order of the graph. The property of having bounded VC-dimension turns out
to be a deep and fundamental “low-complexity” notion for graphs, and a large number of works
(e.g. [5, 15, 18, 19, 26, 27, 31]) have established that certain difficult problems become much more
tractable when restricted to graphs of bounded VC-dimension.

In particular, VC-dimension is intimately connected with regular and homogeneous partitions. In-
deed, it is well-known [2, 18, 29] that every graph with bounded VC-dimension has an e-homogeneous
(and hence poly(g)-regular) partition of size (1/¢)°(). Moreover, this is an if and only if charac-
terization in two distinct ways: first, a hereditary class of graphs admits homogeneous partitions of
(any) bounded size if and only if it has bounded VC-dimension, which in turn happens if and only if
it admits small e-regular partitions (and otherwise tower-type bounds are required); see e.g. [3, 38|
for details.

It is natural to ask for extensions of these characterizations to hypergraphs; for example, which
classes of hypergraphs admit polynomially-sized regular partitions or polynomially-sized homoge-
neous partitions? Moreover, as hypergraph regularity is substantially subtler and more involved
than graph regularity, there are additional questions that arise, such as characterizing hypergraphs
which admit full regularity partitions of sub-wowzer type. For more information on these questions,
and for recent progress, see e.g. [38, 39, 42]. In what follows, we focus on the existence and size of
homogeneous partitions.

The first progress in this direction was due to Chernikov—Starchenko [8] and to Fox—Pach—Suk
[18], who independently introduced a strong notion of bounded VC-dimension for hypergraphs, and
proved that such hypergraphs admit e-homogeneous partitions of size poly(1/e). More recently,
Terry [38, Theorem 1.16] proved that this is an if and only if characterization in uniformity 3: a
class of 3-graphs has bounded VC-dimension in this sense if and only if it admits polynomially-sized
homogeneous partitions. However, in contrast to the graph case, the class of hypergraphs admitting
homogeneous partitions of (some) bounded size is actually larger: it suffices for all links to have
bounded VC-dimension. To state this precisely, we introduce the following definition [42].

Definition 1.2. Let k > 3 and let H be a k-graph. For distinct vertices vy,...,vx_o € V(H), their
link L(vy,...,vk—2) is the graph on V(H)\{v1,...,vx_o} with edge set {zy : zyvy...vp_o € E(H)}.
The slicewise VC-dimension® of H is defined as the maximum VC-dimension of a link L(vy, ..., vz 2)
over all vy,...,v_2 € V(H).

“In this context, “slice” is a synonym for “link”. In [9], this quantity is called the VCi-dimension of H.



That is, H has bounded slicewise VC-dimension if and only if all of its links have bounded
VC-dimension. Chernikov and Towsner [9] proved that if H has bounded slicewise VC-dimension,
then H admits an e-homogeneous partition of bounded size (and in the case k = 3, this result was
independently proved by Terry and Wolf [42]). Moreover, bounded slicewise VC-dimension turns out
to be an if and only if characterization for when a hypergraph admits homogeneous partitions (see
[42, Theorem 2.34] or [9, Theorem 7.1]) of any bounded size. The results of [9, 42], however, give
very weak quantitative information on the number of parts in the resulting homogeneous partition:
Chernikov and Towsner use infinitary techniques that give no bound at all, and Terry and Wolf use
the hypergraph regularity lemma, and thus obtain wowzer-type bounds on the number of parts in
the homogeneous partition of H.

These bounds were substantially improved by Terry, who gave a double-exponential upper bound
[37, Theorem 1.4] in the case k = 3. Moreover, Terry proved a single-exponential lower bound [38,
Theorem 6.8]; more precisely, she constructed a 3-graph with bounded slicewise VC-dimension which
has no e-homogeneous partitions with fewer than 2(1/ )P parts. Terry writes that the main problem
left open by her work is to close the gap between the single-exponential and double-exponential
bounds, and she conjectured [37, 38] that the double-exponential upper bound is best possible.

Our second main theorem disproves Terry’s conjecture, showing that the single-exponential bound
is the truth.

Theorem 1.3. Let H be a k-partite k-graph with bounded slicewise VC-dimension, and let € > 0.
Then H has an e-homogeneous equipartition into 9(1/)7M parts.

In addition to providing optimal bounds for this problem, Theorem 1.3 also gives a short and
much simpler proof of the result of [9, 37, 42] that bounded slicewise VC-dimension implies the
existence of homogeneous partitions.

In fact, we deduce Theorem 1.3 from the following result, which follows the theme introduced in
Theorem 1.1; it states that if all links in H have homogeneous partitions of size r, then H itself has
a homogeneous partition of size exponential in r. This immediately implies Theorem 1.3 since, as
discussed above, all graphs of bounded VC-dimension have homogeneous partitions of polynomial
size. Moreover, it nicely complements Theorem 1.1: knowing that all links have small regular
partitions is essentially useless for finding a regular partition of H, but knowing that all links have
small homogeneous partitions does yield a small homogeneous partition of H.

Theorem 1.4. Lete € (0, ) let H be a k-partite k- gmph with all parts of size n, and suppose that for
all vy, ...,vx_2€ V(H) in dzstmct parts, the bipartite® graph L(vi,...,v,_2) has an &' -homogeneous
partition of size at most r, where & = ceb for a small enough constant ¢ > 0 depending only on k.
Then H has an e-homogeneous equipartition into at most 9(r/e)° parts.

Remark 1.5. In both Theorems 1.3 and 1.4, the statement for k-partite k-graphs immediately
implies the corresponding result for general k-graphs.® Indeed, given a k-graph H, we may pass
to its k-partite cover H, whose vertex set is k disjoint copies of V(H) and whose edges are all
transversal k-tuples corresponding to edges of H. It is easy to see that every link in H is either
empty or equal to the bipartite cover of a link in H, hence if all links in H have small homogeneous
equipartitions, then the same holds for H. We may then apply Theorem 1.4 to H obtaining k

SIn the k-partite setting, when v1, ..., vx_2 come from distinct parts, we again delete the isolated vertices and view
L(vi,...,vk—2) as a bipartite graph between the two parts not containing any of v1,...,vk_2.

SHere, the definition of an e-homogeneous partition of a (general) k-graph includes k-tuples (X1,..., X%) where
some of the X;’s are equal; namely, the definition requires the sum of | X1|---|Xx| over all non-e-homogeneous k-tuples
of parts (X1,..., X%) (including those which repeat parts) to be at most |V (H)|*.



different partitions of V(H), one for each part of V(fl ), each with at most o(r/e)° parts. We now
take the common refinement of these k partitions to obtain a partition of V(H) whose number of
parts is (2(7"/8)0(1))’“ = 9(r/5)°W, Finally, it is not hard to check that if the original equipartition
of H was e-homogeneous, then the resulting partition of H is y/e-homogeneous. This is actually
an instance of a more general fact (a simple consequence of Markov’s inequality), namely that any
refinement of an e-homogeneous partition is itself y/e-homogeneous (see e.g. [37, Lemma 2.1]).

Remark 1.6. It is natural to ask for a version of Theorem 1.4 where we assume that all links of
£-tuples of vertices have small homogeneous partitions, for some 1 < ¢ < k — 2. However, it is not
hard to check that this assumption is weakest for £ = k£ — 2, in the following sense: If in a k-partite
k-graph, the link of every /-tuple has an ”-homogeneous partition of size r, then all but 'n*~2 of the
(k — 2)-links have an €’-homogeneous partition of size r, provided that €” = poly(¢’) is small enough.
Indeed, this partition is simply the ’-homogeneous partition of the link of the first £ vertices in the
(k — 2)-tuple. The reason this works is that if a hypergraph has edge density very close to 0 or 1,
then the same holds for the link of almost every vertex, so any given ¢-tuple extends to only few
(k — 2)-tuples for which the given partition is not £’-homogeneous. Finally, our proof of Theorem 1.4
tolerates a small number of (k — 2)-tuples without an ’-homogeneous partition of their link. Indeed,
one only needs to adapt the proof of Lemma 2.2. To this end, one changes the definition of an i-good
tuple v U {x} to require further that the link of v has an ¢’-homogeneous partition. The rest of the
proof carries through essentially as is (with slightly different numbers). Summarizing, the analogue
of Theorem 1.4 holds for ¢-links, for any 1 </ < k — 2.

1.1 Proof overview

We now briefly sketch the proofs of our main theorems, starting with the upper bound, Theorem 1.4.
For this high-level discussion, we restrict our attention to 3-graphs, which already capture the heart
of the problem.

Thus, let H be a 3-partite 3-graph with parts A, B, C, each of size n, and assume that the link of
every vertex has a small e-homogeneous equipartition, say of size r = poly(1/e) (the case of general
r is no more complicated). It is not hard to show that the refinement of any homogeneous partition
is again homogeneous (with only a polynomial loss in the parameters), so a natural approach is to
simply take the common refinement of the homogeneous partitions of L(c) over certain carefully
chosen ¢ € C. This is essentially the approach taken by Terry [37], who first classifies the vertices
in ¢ according to the “structure” of the homogeneous partition of L(c). However, it seems very
difficult to follow such an approach without incurring double-exponential bounds: Terry loses one
exponential in this classification by structure, and another exponential from needing to take the
common refinement of all of these partitions. The key new idea in our approach is to begin with
an “intermediate” partition, which is not a vertex partition, but rather a partition of A x B into a
collection of (completely unstructured) bipartite graphs. By working with such partitions for much
of the proof, we are able to maintain polynomial dependencies almost throughout, and only pay
a single exponential at the end to take a common refinement. As discussed above, Terry [38] also
proved a single-exponential lower bound for this problem, so this final step is in a sense unavoidable.

Namely, the first step is to partition A x B into bipartite graphs £ U - - - U E; with the following
property: if (a,b) and (a’,b') lie in the same class E; of this partition, then they have similar
neighborhoods, in the sense that the number of ¢ € C' such that (a,b,c) € E(H) but (a’,V/,c) ¢ E(H)
(or vice versa) is at most en. To define this partition, let us first fix some (a,b) € A x B, and consider
the homogeneous partition of L(a). The vertex b lies in some part, say B;, of this partition. The
key observation now is that for almost all b’ € B;, the vertices b and b’ have similar neighborhoods



in the graph L(a), simply because they lie in the same part of a homogeneous partition: almost
all ¢ € C have the same edge relation to both b and b'. By the definition of the link L(a), this
immediately implies that (a,b) and (a,b’) have similar neighborhoods in the sense above. As |B;| =
n/r = poly(e) - n, we conclude that there are poly(e) - n choices of ¥ such that (a,b) and (a,d)
have similar neighborhoods. By repeating the same argument, but now looking at the link L(b') and
considering the part containing a, we find that there are also poly(e)-n choices of @’ such that (a’,d’)
and (a,b’) have similar neighborhoods. In total, we find poly(e) - n? choices of (a’,’) which have a
similar neighborhood to (a,b). At this point, it is straightforward to use random sampling to find a
partition of (almost all of) A x B into ¢ = poly(1/¢) many bipartite graphs such that in each class
(apart from a small exceptional class Fy), all pairs (a,b), (a’,b’) have similar neighborhoods.

As all pairs in a given part F; have nearly the same neighborhood in C', we can now partition
C into at most 2! parts according to this information (and this is the only step where we pay an
exponential). In this way, we obtain a homogeneous “vertex-edge” partition: we have partitioned C
and A x B into parts, such that for almost all choices of a part in C' and a part in A x B, either
almost all triples or almost none of the triples defined by these parts are edges of H. To convert this
vertex-edge partition into a vertex partition of A U B u C, we simply repeat the argument above
twice more, obtaining in turn partitions of (A, B x C) and of (B, A x C). Finally, it is not hard to
show that the vertex partition of Au By C arising in this way is homogeneous, proving Theorem 1.4.

We now turn to discussing the proof of the lower bound, Theorem 1.1. The key idea here is a simple
observation about the structure of Gowers’s [23] ingenious tower-type lower bound for Szemerédi’s
regularity lemma. Namely, Gowers’s example can be viewed as an overlay of ¢t = @(log%) many
bipartite graphs G, ..., Gy, each of which is itself e-regular (or, more precisely, has an e-regular
partition into a small number of parts). Nonetheless, these graphs interact in complicated ways,
which causes their union to have no small e-regular partition.

In our proof of Theorem 1.1, we leverage this observation as follows. We place the exact same
graphs Gi,...,G; on vertex set A U B. We also partition C' into ¢ parts Cy,...,Cs, and define a
3-graph by declaring that the link of each ¢ € C; is precisely the graph G;, for all 1 < ¢ < t. By
construction, all links of vertices in C' have small e-regular partitions. Moreover, this construction
immediately implies that the link of every a € A is the union of £ complete bipartite graphs, namely
between Ng, (a) and Cj, for all 4; this structure readily yields a small e-regular partition of L(a), and
the symmetric argument handles links of vertices in B. Finally, by modifying Gowers’s analysis of
his construction, we show that the hypergraph H does not have any weakly e-regular partitions into
fewer than twr(€Q(log é)) parts, proving Theorem 1.1.

Paper organization: We prove the upper bound Theorem 1.4 in Section 2, and the lower bound
Theorem 1.1 in Section 3. We end in Section 4 with some concluding remarks and three tantalizing
open problems, related to analogues of the Erd6s—Hajnal conjecture, R6dl’s theorem, and the induced
counting lemma. We omit floor and ceiling signs whenever these are not crucial.

2 Proof of Theorem 1.4

In this section we prove Theorem 1.4. Throughout this section, we assume for convenience that the
number of vertices n is divisible by quantities determined by the other parameters. All proofs work
without this assumption with very minor changes.

We need the following simple lemma, showing that an e-homogeneous partition of a bipartite
graph translates to a partition of almost all vertices on one of the sides so that any two vertices
in the same part have almost the same neighborhood. We also require all parts, except for a small



exceptional set, to have the same size. Finally, for technical reasons it is important that we can
specify the number of parts; namely, this number should be the same for all applications with the
same parameters, rather than only being upper bounded by a function of these parameters.

Lemma 2.1. Let v > 0 and r € N, and set q :== [(1 — 'y)gfyl] Let G be a bipartite graph with parts

X,Y of size n each, and suppose that G has an ~'-homogeneous partition X = Xy u --- U X and
3

Y =Yiu---UY;, where s <1 and v = Jg. Then there is a partition X = Xgu Xju... X, such that

1 |Xi] =--- = |X}| and |X3| < yn
2. for every i€ [q] and x,2’ € X[, it holds that |Ny (z) ANy (z')| < yn.

Proof. We say that i € [s] is good if the sum of |Yj| over j € [t] for which (X;,Y;) is not /-
homogeneous is at most 2n Otherwise X; is bad. As the given partition is 7v’-homogeneous, we get
from Markov’s inequality that >y p,q [ Xi| < 73 /216 an. Place all bad sets X; into the exceptional
set X{ (which we construct throughout the proof)

Observe that if (X;,Y}) is v-homogeneous, then the number of triples z, 2/, y such that z, 2" € X;
and y € Ny (z)ANy(z') is at most 7| X;[?|Y;|. Indeed, if e.g. d(X;,Y;) = 1 — 4 (the other case is
symmetric), then the number of triples x,2’,y containing a non-edge is at most v'|X;|?|Y;|.

Consider a good set X;. Let T be the set of triples z,2’,y such that z,2’ € X;, y € Y and
y € Ny (z)ANy(z'). By the above and the choice of 7/, we have |T| < (%; + Y| Xi?n < %;|Xi|2n.
Hence, there is x; € X; participating in at most %|Xi|n triples in 7. This means that the number
of x € X; with [Ny (2) ANy ()| = 3n is at most 3| X;|. Move all of such elements = to X, and for
every 7, let X! denote the remaining elements of X;. We now have that | X{| < %Vn Also, this gives
a partition X7, ..., X! of X\X{ such that for every x € X/ it holds that |Ny (z) ANy (z;)| < 3n. By
the triangle inequality, | Ny () ANy (z’)| < yn for all z, 2’ € X/

Now set m := g—f and split each X into sets of size m and possibly one leftover set of size less
than m. Move all leftover sets to X|,. Now |X{| < 27n + ms < yn, using s < r. This means that

the number of parts of size m disjoint from X is at least % =(1- 7)?’7—7", and hence at least q.
Move additional parts to X, until the number of parts disjoint from X0 is exactly g. This gives the
desired partition X{, X7, ..., X;. Note that [Xg| =n—gm <n—(1— 'y) -m = yn, as required. W

The next lemma is the key step of the proof, yielding a partition of Ay x --- x Ax_7 into (k —1)-
partite (k — 1)-graphs, with the property that all (kK — 1)-tuples in the same class have similar
neighborhoods in A;. This is, in a sense, a generalization of Lemma 2.1 to k-graphs, but, as discussed
in Section 1.1, the main new insight is to partition (k — 1)-tuples of vertices, rather than vertices, in
this step of the argument.

Lemma 2.2. Let ¢ > 0, let H be a k-partite k-graph with parts Ay,...,Ar of size n each, and
suppose that for every (k — 2)-tuple of vertices v1,...,vxk_o in distinct parts, L(vi,...,vx_2) has
an €' -homogeneous partition of size at most v, where & = 4—18(&)3. Then there is a partition
Ay X oo X Ay = By U By U - U By with t < (r/e)°Y such that |Ey| < en*' and such that
for every 1 <i <t and every e, €’ € E;, it holds that [Na,(e)ANa,(¢')| < en.

Proof. For each i € [k — 1] and (k — 2)-tuple v € [[;cp 1y 45 apply Lemma 2.1 to the link
of v (which is a bipartite graph between A; and Ag) with parameter v := ¢ to obtain a partition
A; = X(()V)UXY,)U' . -uX,gv) such that ¢ = [(1— Gk)18kr] < @, ]Xév)\ < yn, \XY)\ == \X,gv)] >
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(1_;)", and for every 1 < ¢ < ¢ and z,2’ € Xév) it holds that [Ny, (v u {z})ANg4, (v U {2'})| < yn.

Note that due to the statement of Lemma 2.1, the number of parts ¢ does not depend on v. For

i€[k—1], atuple e€ Ay x -+ x Ap_y is called i-bad if, writing e = v U {a} for v € [ ;17 i} 4j
(

and x € A;, we have x € XOV). Otherwise e is i-good. Note that there are at most yn*~1 i-bad tuples.
Next, given two i-good (k — 1)-tuples e,e’ € Ay x -+ x Ap_1, we call them i-twins if they arise

)

from the same v € Hje[kfl]\{i} Aj and the same set X év . More precisely, e, e’ are i-twins if, when

writing e = v u {z},¢/ = v/ U {2/}, we have that v = v/ and z,2" both lie in the same part Xév),
for some 1 < ¢ < ¢. Note that if e, e’ are i-twins then | Ny, (e) ANy, (¢/)] < yn. Moreover, for each

i-good tuple e, there are at least (A=y)n

and at most 7 tuples ¢’ such that e, e’ are i-twins.
Additionally, let us say that two tuples e,e; € A; X --- x Ap_1 are chain twins if there exists
a sequence e, e, ...,e, = e such that e;, e;11 are i-twins for each 1 < ¢ < k£ — 1. Note that the
choice of es, ..., er_1 is determined by e and ey, as e; is obtained from e; by changing all coordinates
1,...,7—1 to be as in e. Next, let us say that a tuple e € Ay x --- x Ap_1 is excellent if there are
at least (%)k_l choices of e; € A; X --- x Ai_1 such that e and e; are chain twins. Our next claim

shows that almost all tuples are excellent.

Claim 2.3. There are at least (1 — 5)n*~1 excellent tuples e € Ay x -+ x Ap_y.

Proof. For the proof, we need to extend our definition of excellent tuples. For 0 < i < k — 1, we
say that e € Ay x -+ x Ap_q is i-excellent if there are at least (%)’ choices of e; € A1 x --- x Ap_1
for which there is a sequence e, ..., e;,e;41 = e where e;, ej41 are j-twins for every 1 < j <. Note
that, as above, such a sequence is uniquely determined by e; and the value of i. Moreover, in this
terminology, an excellent tuple is the same as a (k — 1)-excellent tuple.

In order to prove the claim, we will show by induction on i that there are at least (1 — 3iy)n*~!
i-excellent tuples, for all 0 < ¢ < k — 1. Note that the i = k£ — 1 case suffices to prove the claim, as
1 —3vy(k—1) = 1— 5. Moreover, the base case i = 0 of the induction is trivial, so we now turn to
the inductive step.

As such, let 1 <i <k —1, and let F be the set of the (i — 1)-excellent tuples. By the induction
hypothesis, |F| = (1 — 3(i — 1)y)nF~1. Let F’ be the set of all e € F which are i-good. As there
are in total at most ynF~! i-bad tuples, we have that |F'| > |F| — yn*~t > (1 — (3i — 2)y)nF~L.

t (1—y)n
q

Every €' € F' is i-good, hence has at leas i-twins. Thus, the number of pairs (e, e’) where

¢ € F' and e, ¢’ are i-twins is at least |F'| - (I_TW)R > (1-(3i—1)y) - %. Let G be the set of all

e€ Ay x --- x A_1 such that e has at least 7% i-twins e’ € F’. Using that each e € Ay x -+ x Ap_q
has at most % i-twins, we get

) nk nk
-Gzt - WT = (1 = 3iy)nt L.

q
To complete the proof of the claim, we show that every e € G is i-excellent. Indeed, fix any e € G. Fix
any €' € F' such that e, ¢’ are i-twins; there are at least % choices for ¢’. As €’ is (i — 1)-excellent,
there are at least (%)F1 choices for eq,...,e;—1,6; = ¢ € Ay x -+ x Ap_; such that e;,ej;1 are
J-twins for every 1 < j < i— 1. Setting e;4+1 := e, we get that e;, ej,1 are j-twins for every 1 < j <.
The total number of choices for e; is at least (%)i, hence e is indeed i-excellent. This completes the
induction, and hence proves the claim by taking i = k — 1. |

Now let e be an excellent tuple, let e; be a chain twin of e, and let eg,...,er_1; be such that,



setting er := e, we have that e;, e;11 are i-twins for every 1 < ¢ < k — 1. By the triangle inequality,

k-1
[N ()ANa ()] < Y [Nag(eir1) ANa ()] < (k= 1)yn <
=1

n.

| ™

As e is excellent, there are at least (%)":_1 choices for e; in the computation above. Therefore, there
are at least (%)k_1 tuples €' € Ay x --- x Ay_; such that [N, (e) ANy, ()] < §n.
Now sample tuples fi,..., ft € A1 x --- x Ap_1 uniformly at random and independently, where

() ()0

For i € [t], let E; be the set of e € Ay x --- x Ap_y such that |Ny4, (e)AN4, (fi)| < §n (if this holds
for multiple ¢, we break ties arbitrarily). Then by the triangle inequality, |[Na, (e)AN4, (¢')] < en
for every e, ¢’ € E;.

Moreover, for any fixed e € Ay x --- x Ap_1, we have that ee Fq U --- U E} if some f; is a chain
twin of e. In particular, if e is excellent, then

k—1\ ¢
P[€¢E1U”~UEt] < <1_ <7> ) <6—(g)k ht< g
q
Moreover, by Claim 2.3, the number of excellent tuples is at least (1 — %)nk_l. As a consequence,

by linearity of expectation, we have that

E|Eu---0E|l> Y PleeEiu---UE]> Y (1—5)>(1—5)2n’“*1>(1—s)n’“*1.

e excellent e excellent 2 2
Hence, there is an outcome with |E; U --- U Ey| = (1 — &)n*~1, and setting Fy = (A; x -+ x
Ag_1)\(E1 U --- U E}) completes the proof of Lemma 2.2. [

The following lemma is a sort of converse to Lemma 2.1, stating that if a partition is not homo-
geneous, then there are many “witnesses” which witness this by having a large symmetric difference
of their neighborhoods. It is an easy consequence of [18, Lemma 2.3|, but we include a proof for
completeness.

Lemma 2.4. Let H be a k-partite k-graph with parts X1, ..., Xy of size n each. Fori € [k], let P; be
an equipartition of X; into s parts, and suppose that (P1, ..., Pk) is not e-homogeneous. Then there

are at least £2(1 —5)ﬁ pairs e,e’ € X1 x -+ x Xy, such that lene|=k—1,ee E(H),e' ¢ E(H),

S
and e/\e’ is contained in some part of P; for some i € [k].

Proof. Fix a k-tuple (Y1,...,Y;) € Py x - x Py with e < d(Y1,...,Y;) < 1—e. We claim that there
are at least e(1 —)(2)*™! pairs e,e’ € Y; x --- x Yy with [ene/| =k —1 and e€ E(H), €' ¢ E(H).

This suffices because the number of non-e-homogeneous k-tuples (Y7,...,Ys) is at least esk.
To prove the above claim, sample vertices u;,v; € Y; uniformly at random and independently,
for each ¢ € [k]. For 0 < i < k, let e; := (v1,...,0,Uj41,...,ug). So eg = (uy,...,ux) and

er = (v1,...,v). Let us say that two k-tuples e, e’ disagree if one of them is in E(H) while the
other is not. As the random tuples eg, e are independent of one another, the probability that eg, ex
disagree is at least 2e(1—¢), because € < d(Y7,...,Yy) < 1—e. If this happens, then thereis 1 <i < k

10



such e;_1,e; disagree. Note that e;_1,e; differ only in the ith coordinate. Let t; be the number of
pairs e, e’ € Y7 x -+ x Y}, such that e, e’ differ only in the ith coordinate and e € E(H),e¢’ ¢ E(H).
The probability that there exists 1 < ¢ < k such that e;_1, e; disagree is at most

k

2t;
Zm rm Y, \:,;(n/s)’fﬂ'

On the other hand, as explained above, this probability is at least 2e(1 —¢). It follows that Zle t; =
g(1 —e)(%)k*1, proving our claim. [ ]

We now have all the tools needed to prove Theorem 1.4.

Proof of Theorem 1.4. We apply Lemma 2.2 k times with parameter £ Sk, each time with a different
set X; (1 < i < k) playing the role of Aj (with the other k — 1 sets X; playing the roles of
Al,‘. c A 1) This gives, for every i € [k], a partltlon I Lty iy X5 E((]Z) UEY) U -uEt(Z) such that
|E(Z)| < Sknk 1 and such that for every 1 < j <t and e, € € E() it holds that [Nx,(e)ANx,(€e')| <
Skn Also, t < (r/e)0!

For i € [k], we define a partition P; of X; as follows. For each j € [{], fix egl) € EJ@ and
put X(l) Ny, (e (l)). Let P! be the common refinement of the sets Xf ),...,Xt(z). Note that
|P/] < 2" = p. Next, we refine P, further to make the parts have the same size. To this end,
partltlon each part of P/ into parts of size m : 8k % and (pOSSlbly) an additional leftover part of size
less than m. Let X( " be the union of the leftover parts; so |X | Skn Partition’ X( " into parts of
size m. The resulting partition is ;. Note that P; is an equipartition of size s := > = % < or/e)°)

We claim that (P1,...,Px) is an e-homogeneous partition of H. For the sake of contradiction,
suppose otherwise. For i € [k], let T; be the number of pairs of k-tuples e,e’ € X1 x -+ x X} such
that there is (X{,...,X}) € P1 x --- x P with e,e’ € X{ x --- x X, [en€| =k —1, eAe < X,
e € E(H) and ¢ ¢ E(H). As we assumed that (Py,...,Px) is not e-homogeneous, Lemma 2.4
gives Ty + -+ + Ty = €%(1 — 5)”“1 To get a contradiction, we now upper-bound each 7;. By
symmetry, it suffices to consider Tj. Thus, we consider pairs e, e’ with e, e’ € X] x --- x X} for some
(X1,..., X, )ePix-xPp, lene|=k—1,eAe’ € X|,ec E(H) and ¢ ¢ E(H). Forie [k—1], let

x; be the vertex of e, e’ in X;. The number of choices for e, e’ where (z1,...,25_1) € E(()k) is at most
\E(gk)| s ()2 < g—i : ”k;l Let now j € [] and let us consider the case that (z1,...,2p_1) € E](-k).

Recall that |[Nx, (z1,...,Zk— 1)AX )\ kn where X( ) = Nx, (egk)) as above. This holds because
(1,...,2,_1) and egk) both belong to E]( ). and as |ka(f)ANXk(f’)\ < Skn for any two f, f' € E(k)

Also, by the definition of Py, each part of Py is contained either in Xo( ), or in X j( ) , or in X k\X p
(k) (k))

(because P, is the common refinement of X, oy We handle these cases separately. First,

(k) . k—1 €2 n _ g2 nktl

as |X | 8kn the number of choices for e, e’ Where eNe’ © Xy is at most n* "' Sn- %
Now consider the case that e/Ae is contained in XJ( ) or in Xk\X](. . As [Nx, (21, ., 25-1) DX k)]

s 8k

%n, the number of vertices y' € Xj(k) with (x1,..., 25— 1, y') ¢ E(H) is at rnost Ekn Hence, the
(k)

. 2
number of choices for e, e’ where e/Ae’ € X;™ is at most |E )\ gL = |E | 7;

. Similarly, the

s

"Here we use our assumption that n is divisible by quantities determined by the other parameters, and in particular
is divisible by m.
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€ E(H) is at most %n. Hence, the number of
choices for e, ¢’ where eAe’ < Xk\X](k) is at most |Ej(k)] : % : ”; Collecting all terms, we get that

number of vertices y € Xk\X](k) with (z1,...,25-1,9)

2 nk+1

&
2k s

_|_
\)
|

o

e 1 )
8k s 's's;‘j’\

1

: Lksﬂ as well, so T4 + -+ + T}, < (1 — 5)”2+ , a contradiction. W

2
By symmetry, T1,...,Tp_1 < 5

3 Proof of Theorem 1.1

Throughout this section, we fix 0 < § < ¢ with € smaller than some implicit absolute constant, and
also assume wherever needed that n = ng(9) is large enough. We will use the following lemma, which
essentially appears in [23].

Lemma 3.1. Let m, M be integers with M < max(e™/0,2). Then there are partitions (X;, Yi)iz1,..m
of [M] having the following properties:

1. If M > log®(8m?), then |Xi|,|Vi| = ¥ + M?3 for every 1 < i < m, and |X; n Xy, |X; 0
Y|, |Yi 0 Y| = % + M?3 for every pair 1 <i # i < m.

2. Let ¢ < 1/2 and n,e > 0 such that (1 —n)(1 —4e) = 1 -+ (% Let M\1,...,\y € Ryg with
Zf\il Ai = 1, and suppose that \; < 1 — for every i € [M]. Then there are at least nm indices

i € [m] satisfying min (ZjeX,- Ajs jev; Aj> > €.

Item 2 of Lemma 3.1 follows immediately by combining Lemmas 3 and 5 in [23]. The desired
partitions (X;,Y;) are chosen uniformly at random, and Item 1 is a simple property of random
partitions. For completeness, we include the proof of Lemma 3.1 in Appendix A.

We now proceed with the proof of Theorem 1.1. We describe the construction used to establish
the theorem in the following Section 3.1, and then analyze it in Section 3.2. As in [23], it is convenient
to describe the construction as a weighted 3-graph. We will then transform this into an unweighted
(“normal”) 3-graph via sampling.

3.1 The construction

We construct a weighted 3-partite 3-graph H with parts A, B,C, each of size n. We set t :=
| 1og;(1) — 3] and s = [4/6%]. Partition C into ¢ equal parts Cy, ..., C;.

For an integer m, let ¢(m) := max ([em/ 16, 2), and note that the conclusion of Lemma 3.1 holds
for each M < ¢(m). We now inductively define a sequence of integers mg, mq, ..., m; as follows. Set
mo = 1. For each 1 < r < ¢, if m,—1 < sg and ¢(m,—_1) = so then set m, = m,_1 - s9. Otherwise,
set m, = my_1 - Pp(my_1). Note that m,_; divides m, and m, > m,_; (using that ¢(m,_1),sp = 2).
Also, m”:il < ¢(my—1). To explain this somewhat unusual choice of a sequence, let us remark that we
would generally like m, = m,_1-¢(m,_1), as this enables us to apply Lemma 3.1 while also ensuring
that m, is exponentially larger than m,_1, so as to obtain a tower-type bound in the end. However,
if we have the sequence grow exponentially at every step, we may accidentally end up with a vertex
whose link only has a §-regular partition of size exponential in §. In order to ensure that this doesn’t
happen, we make sure to stunt the growth of the sequence at the critical step (around the value sg),

12



thus ensuring a polynomial-sized §-regular partition in all cases. See the proof of Lemma 3.4 for the
precise details.

Next, let us identify each of A, B with [n] in order to have an order on these sets. For 0 < r < t,
let A, be the partition of A into m, equal-sized intervals (with respect to the vertex order), and
similarly let B, be the partition of B into m, equal-sized intervals. For each 1 < r < t, A, refines
A,_1 because m,._1 divides m,, and similarly for B, and B,_1.

Now we define 3-partite 3-graphs Hy,...,H; € Ax Bx C. Fix 1 <r <t and let us write A,_1 =
{A1,...,An}t and B,—1 = {Bi, ..., B}, where m := m,_1. Put also M = ;= < ¢(m,—1) = ¢(m).

For each i € [m], let A;1,..., A m (vesp. Bi1,...,Bjn) be the parts of A, (resp. B,) contained in
A; (resp. B;). Let (X;,Y;), be the partitions of [M] given by Lemma 3.1 (it is possible to invoke
Lemma 3.1 because M < ¢(m)). Define a bipartite graph G, € A x B as follows: For each pair

1 <4, < m, put into G, all edges in <Uker Ai,k) X (UkeXi Bj,k) and (UkeYj Az‘,k) X (UkeYl Bj7k).
Now let H, = {eu {v}: e € E(G,),v € C,} = G, x C,. This completes the definition of H,. Finally,
let H be the weighted 3-graph H = ijl 27" H,. Note that, as 25:1 277 < 1, every edge of H has
weight in [0, 1].

For most of the proof, we shall work with the weighted 3-graph H. Consequently, we need to
introduce the weighted analogues of the basic notions of link, density, and regularity. For v € A,
the link Ly (v) is defined as the weighted graph on B x C where e € B x C has weight H(e u {v}).
The link of a vertex in B or C is defined analogously. For A’ € A, B’ € B,C’ < C, the density of
(A’, B',C") is defined as dy(A’, B',C") = W Deear g« H(e). Weak regularity for weighted
3-graphs is defined analogously to the unweighted case.

3.2 The analysis

Throughout this section, we use the same notation as in Section 3.1. We begin with the following
lemma, showing that if m,_ is large enough, then the graph G, is §-regular.

Lemma 3.2. Let 1 < r <t such that m,_1 = sg. Then the graph G, is d-reqular.
For the proof of Lemma 3.2, we need the following fact from [1].

Lemma 3.3 ([1, Lemma 3.2]). Let G be a bipartite graph with parts A, B of size n each. Let d be
the density of G and let 2n~ 4 < § < %. Suppose that

1. For all but at most £6*n of the vertices x € B, it holds that |dg(z) — dn| < §*n;

2. For every B' < B with |B'| = dn, it holds that ), (|Ng(z) n Nea(y)| — d*n) < %n\B’\Q.

z,yeB’

Then G is 6-regular.

Proof of Lemma 3.2. We will show that Conditions 1-2 in Lemma 3.3 are satisfied. As in Section
3.1, write m == m,_1, M = mrfil, A ={A4y,..., Ay} and B,_1 = {By,..., By}, and for each
ie[m]let A ,...,Aj pm (vesp. Bi,...,Bjia) be the parts of A, (resp. B,) contained in A; (resp.
B;). Let also (X;,Y;)™ be the partitions of [M] given by Lemma 3.1. Note that by the assumption
of Lemma 3.2, we have m > sg and therefore M = ¢(m) = |e"/6] > eX50) This also implies that
M > log3(8m?) (as we assumed that ¢ is at most some absolute constant, hence sq is at least some
large constant), so we may apply Item 1 of Lemma 3.1.

First, fix any € B and let us consider the degree of = in G,. Let j € [m] such that z € B;. Fix

any 1 <4 < m and consider the edges between x and A;. For convenience, set Agl) = Uke X; Aik,
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A® — UkeYj ik B UkeX ks B UkeY k- By definition, G has all edges in Agl) X B](-l)
and AZ(?) X B](. ) and no other edges between A; and Bj. By Item 1 of Lemma 3.1, | X;|, |Y;], | X;|, |Y;] =
Y + M?/3, This means that each of the sets A(l) A(Q) has size (3 + M3 4. Therefore the number
of edges between z and A; is (3 = M~ 1/ %) |A |. As this is true for every 1 < i < m, it follows that
de, (z) = (3 £ M~V¥n =1 + 52 )n, using that M > e2(%0), It follows that the density d of G, is
- %, and that for every z € B we have |dg(z) — dn| < §*n

Now we consider Item 2 in Lemma 3.3. Fix any B’ € B with |B’| = dn. For convenience, put
f(x,y) == |Ng,(z)nNg, (y)| —d*n for z,y € B, and let S := 2z yen f(x,y). The pairs z, y belonging
to the same part of B,_1 contribute at most |B'|- - -n = |B'| 7~ 2 jn!B’|2 to S, using that m 50
and |B’| = dn. Now consider the pairs y belongmg to dlfferent parts of B,_1. So ﬁx 1 j#EJ <m

such that x € Bj,y € By. Fix any 1 < i < m. As before, put B](. = Ukex, Biks B;” = Ukey; B
and similarly Bj," = (Upex, B ks B(2 = Usey, Bjr k- Let a,a’ € {1,2} such that T € B](- @) d
Y E BJ(., ), By the definition of G, the common neighborhood of x,y in A; is | ., Aik, where

XinXy a=1,d =1,
Xim}/i/ azl,a/=2,

Z =
Y,nXy a=2d =1,
Y,nYy a=2,d=2.
By Item 1 of Lemma 3.1, in all cases we have |Z| = % + M?/3. This means that the common

neighborhood of z,y in A; has size (3 £ M~Y/3)|4;]. Summing over all 1 < i < m, we get that
|Ng, (z) n Ng, (y)] < (3 + M~'3)n and therefore f(z,y) < (3 + M=13)p — (3 — M3 < %n
using that M > e2(%0), It follows that S < %n\B’]Q + %n[B’P = %n\B’\Q. Hence, both items of
Lemma 3.3 hold, implying that G, is d-regular. |

Given Lemma 3.2, it is now straightforward to show that all links in H have small §-regular partitions.
Lemma 3.4. For every v e V(H), the link Ly (v) of v has a §-regular partition of size O(578).

Proof. Suppose first that v € C, and let 1 < r < ¢ such that v € C,. Note that Ly (v) =27" - G,.
We consider two cases. If m,_; > sg then by Lemma 3.2, G, and hence also Ly (v) = 27" - G,, is 0-
regular, meaning that (A, B) is a (trivial) d-regular partition of Ly (v). Now suppose that m,_1 < sq.
Then, by the definition of the sequence my, ..., m¢, we have m, < m,_1 - sp < s% (it is here that we
crucially use the definition of the sequence, making sure that m, is not exponentially larger than sg).
Thus, the partitions A,, 13, have size at most 50 < 17/68. Observe that for each A’ € A,., B' € B,,
(A, B',C,) is a complete or empty 3-partite 3-graph. This means that in H, either all edges in
(A’, B, C}) have weight 27", or all such edges have weight 0. Hence, (A, B;) is a d-regular partition
of Ly (v).

Next, suppose that v € A U B. By symmetry, it suffices to handle the case that v € A. For
1 <r <t let N, € B denote the neighborhood of v in the graph G,.. By the definition of H, and H,
all edges in N, x C, have weight 27" in Ly (v), while all edges in (B\N;) x C, have weight 0 in Ly (v).
Let By, ..., Bs be the atoms of the Venn diagram of Ny, ..., NV;, and note that s < 2! < % < %. Then
foreach 1 <i < sand 1 <r <t all edges in (B;, C,) have the same weight in Ly (v). It follows that
({B1,...,Bs},{C1,...,C}) is a d-regular partition of Ly (v), as required. [
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The final step is showing that H has no weakly e-regular partitions with fewer than a tower-type
number of parts. This step also follows the work of Gowers, so we recall some notation and ideas
from [23]. For two sets P, A and a real number 3, we write P cg A if |[P n A| = (1 — B)|P|, or
equivalently if |P\A| < B|P|. For 8 = 0, this is simply the usual subset relation. If Pi,..., P
and Aj,..., A, are two partitions of the same set, we say that the partition {Pi,..., Py} B-refines
{A1,..., Ap} if, for all but at most Sk indices s € [k], there exists some ¢ € [m] such that Py cg A;.
For 8 = 0, this is precisely the standard notion of refinement of partitions. We also remark that as
long as 8 < %, there can be no ambiguity: if Py g A;, then PisdgA; for any j # i. We will ensure
that 8 < % in all that follows.

Lemma 3.5. Let Py,..., P, Q1,...,Qk, R1,..., Ry be partitions of A, B,C, respectively, and sup-
pose that all parts have the same size up to a factor of two. Suppose that all but ek® of the triples
(Pa, Qu, Re) are weakly e-regular in H. Suppose that e'/* < 8 < % If (Pr,...,P) and (Q1,...,Qk)
B-refine A,_1 and B,_1, respectively, then they (78)-refine A,, B, respectively.

We stress that in the statement of this lemma, we do not care about how the partition (R, ..., R)
interacts with the given partition (C1,...,Cy) of C; all that matters is the fact that (P, ..., P;) and
(Q1,...,Q) roughly refine A,_; and B,_;.

Proof of Lemma 3.5. We prove the statement for A; the statement for B is completely analogous.
As before, write A,—1 = {A1,..., Ay} and A, = {4;; : i € [m],j € [M]}, where m = m,_; and

M = mTZ:I. Fix some P, and suppose that Py cg A; for some i € [m]. Suppose that there is no

Jj € [M] such that Ps c7g A; ;. For each j € [M], let u; := |Ps n A; j|/|Ps|. Note that

M M
‘PsﬁAz‘j‘ ’PSGAi‘
== = >1-5,
LM LR TR

since Py cg A;. Additionally, u; < 1 — 73 for every j € [M] by the assumption that there is no
J with Py c7g A; ;. Now set A\j := p;/u, so that Z]]Vil Aj =1and \j < I’i—Jﬁ < % < 1-—6p for
every j € [M]. By Item 2 of Lemma 3.1 with ¢ := 63, n := 58 and 2¢ in place of £ (the condition
(1 —=n)(1—8) =1—¢+¢?in Lemma 3.1 holds since 8 < % and ¢ < 1%), we get that there is
I < [m] with || = 58m, such that for every h € I we have

min ( PRy Aj) > 2¢. (3.1)

jGXh jEYh

Recall that for at least (1 — )k choices of u € [k], there is some h € [m] such that Q, cg By. We
claim that for at least Sk of the indices u € [k], there is h € I with Q, cg Bj. Indeed, suppose
otherwise. Then for all but 28k of the indices u € [k], it holds that |Q, N By| = (1 — 3)|Qy| for some
h e [m]\I. Also, we have |Q,| < 22 for every u € [k] by the assumption that the sizes of the parts
Q1,...,Q differ by at most a factor of 2. It follows that

1-58
1-5

n<n,

2n 1 1 n
he[m\I

a contradiction. This proves our claim.
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Now fix any u € [k] such that Q, cg By, for some h € I (there are at least Sk choices for u by the
above). Let Vy := PsmUjeXh A, Vy = PSmUjeYh A; j, and similarly Wy = Qur\UjeXi By ;, Wy =
Qu N Ujeyi By, ;. By construction and (3.1), we have that

min([Vx|, V] =min(2 w3 w) ) mm<2 A Y A) )+ IR = elP)

JEXh JEY), JEXh JEYR

Additionally, Wx and Wy are disjoint subsets of @, with [Wx u Wy| = (1 — §)|Qu|, hence
max(|Wx|, |[Wy|) = (1 — 8)|Qu|/2 = €|Qu|- Suppose that |Wx| > ¢|Q.|; the other case is han-
dled symmetrically.

In the graph G,, we have that (Vx,Wx) is a complete pair, whereas (Vy, Wx) is empty. This
implies that dg (Vx, Wx,C,) = 27" and dyg(Vy, Wx,C,) = 0. For ¢ € [k], let us say that ¢ is r-small
if |Ry n Cy| < €|Ry|, where we recall that Ry,..., Ry is the given partition of C. We say that ¢ is
r-large if it is not r-small. We have

t
Col= > [RenCil+ D [RenCel< D) |RenCol+ Y elRd = D> |Ren Col +6|C.

¢ r-large £ r-small £ r-large (=1 £ r-large
Using that |C,| = |C|/t, we get

1]

Cl

¢ r-large

where we used that € < 1/(2t), which holds because ¢ < log% and as ¢ is assumed small enough.
On the other hand, since all parts R, have the same size up to a factor of two, we have that

2
Z |Ry N Cy| < Z |Ry| < |C| - |{€ € [k] : € is r-large}|.

£ r-large £ r-large

Combining these two inequalities, and using that /e < 1/(4t) (again since ¢ is sufficiently small), we
find that

[{¢ € [k]: € is r-large}| > —>\fk:

The final observation is that if £ is r-large, then the triple (Ps, Q., Ry) is not weakly e-regular. Indeed,
we have that
dH(Vx,Wx,Rg ) CT) — dH(Vy,Wx,Rg N CT) =27" > 2t > g,

while the sets Vx, Vy, Wx, Ry n C,. are subsets of P, P, QQ,, Ry, respectively, each with at least an
e-fraction of the vertices of the corresponding set.

Recall that this argument worked for each of at least Sk choices for u, and at least 4/ck choices
for £. Therefore, under the assumption that Py —g A; but there is no j such that P; <75 A; ;, we find
that there are at least 34/ - k2 choices of (u, ) € [k]? for which the triple (Ps, Q., Ry) is not weakly
e-regular. This can happen for at most Sk values of s, because the given partitions (P, Qi, R;i)i=1,... k
are weakly e-regular, and as 3 > /4. Also, at most Sk choices of s do not satisfy P, ¢ g A; for any
i. Hence, we conclude that {Pi, ..., Py} does indeed (7/3)-refine A,. [ |

It is now a simple matter to complete the proof of Theorem 1.1.
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Proof of Theorem 1.1. Let H be the weighted 3-partite 3-graph defined in Section 3.1. By Lemma
3.4, every link Ly (v) in H has a d-regular partition of size O(6~8). Next, we show that every weakly
e-regular equipartition of H has size at least twr (Q(log %)) So fix such an equipartition, given by
partitions Py,..., P, Q1,...,Q, R1,..., Ry of A, B,C, respectively. Setting 3, = 7714 we claim
that for 0 < r < t, the partitions (Pp,...,Px) and (Q1,...,Qk) By-refine A, and B,, respectively.
Indeed, this follows by induction on r: the base case r = 0 is trivial, and the induction step is given
by Lemma 3.5. By the choice of t = ilogﬂ%) — 3, we get that 3, < % for every r, as required by
Lemma 3.5. It is easy to see that if an equipartition P [S-refines an equipartition A for § < %, then
|P| > |A|/2. Hence, k > m;/2. Now, observe that m; > twr (Q(log 1)). Indeed, by the definition of
the sequence my, ..., my, we have m, = m,_1 - ¢(m,_1) for all but at most one choice of r. Also, for
all but O(1) choices of r, we have ¢(m,_1) = |¢™~1/10], meaning that m, is exponential in m,_1. Tt
is easy to see that this implies that m; > twr (2(¢)), as required.

So far we proved Theorem 1.1 for weighted 3-graphs. To obtain a (non-weighted) 3-graph, we
let H* be the 3-partite 3-graph on A, B, C obtained by sampling each edge ¢ € A x B x C' with
probability H(e), where H(e) is the weight of e in H. Using a Chernoff-type bound (e.g. Lemma
A1), it is easy to see that with high probability the following holds:

e For all X ¢ AY <€ B,Z < C with |X|,|Y],|Z| = Q(n), it holds that |dy+(X,Y,Z) —
d(X,Y, 2)| = ol1).

e Forallve Aand Y € B,Z c C with |Y|,|Z| = Q(n), |dp,.. ) (Y, Z) — dp ) (Y, Z)| = o(1),
and the analogous statement holds for v € B and v € C.

Consequently, H* satisfies the assertion of the theorem with e, § replaced with /2,25, respectively.
[

4 Concluding remarks

In this section we record three corollaries of our results, none of which we believe to be quantitatively
optimal. It would be very interesting to improve the quantitative aspects of any of them. We restrict
our attention to 3-graphs, but the corollaries and questions have natural analogues in all higher
uniformities.

Proposition 4.1. For every D = 1 and € > 0 there exists & > 0 such that the following holds. Let
H be a 3-partite 3-graph, and suppose that H has slicewise VC-dimension at most D. If H is weakly
d-regular, then d(H) € [0,e] U [1 —¢,1].

In other words, if H is both weakly d-regular and of bounded slicewise VC-dimension, then H
must be almost empty or almost complete. Proposition 4.1 follows immediately from Theorem 1.3,
as the latter implies that H has a e-homogeneous partition into at most 2P°W(1/e) parts. If H is
weakly d-regular for § < 27P°(1/e) then in fact the density of each of these e-homogeneous triples
must be very close to the global density of H, implying that H itself is very sparse or very dense.

This argument shows that we may take § to depend single-exponentially on ¢ in Proposition 4.1.
However, we conjecture that this bound can be improved to polynomial.

o(1)

Conjecture 4.2. We may take § = ¢ in Proposition 4. 1.

A wuseful perspective on Conjecture 4.2 has to do with embedding induced sub(hyper)graphs,
which we now discuss. Let B be a bipartite graph. We say that B is a bipartitely induced subgraph of
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a graph G if G contains an induced subgraph isomorphic to some supergraph of B, obtained by only
adding new edges in the two parts of B, without adding or removing any edges across the bipartition.
It is not hard to see that G has bounded VC-dimension if and only if there is some fixed B which is
not a bipartitely induced subgraph of G.

This immediately implies that a 3-graph H has bounded slicewise VC-dimension if and only if it
avoids 1" as a tripartitely induced subhypergraph, where T is some tripartite 3-graph one of whose
three parts is a singleton. In this language, we see that Proposition 4.1 can be viewed as an induced
embedding lemma: in contrapositive, it says that if H is weakly d-regular and has edge density
bounded away from 0 and 1, then H contains a tripartitely induced copy of any fixed tripartite
T one of whose parts is a singleton. One motivation for Conjecture 4.2 is that most embedding
lemmas that one encounters can be proved with polynomial dependencies. Moreover, one could
try to prove such an induced embedding lemma by first proving a counting lemma with two-sided
error bounds, and then applying inclusion-exclusion. However, an unusual feature of this problem
is that this corresponding counting lemma is simply false: it is well-known (see e.g. [13, 28]) that
weak J-regularity is too weak to support a counting lemma (with two-sided error bounds) for any T
that is not linear, and hence proving Conjecture 4.2 would require a completely different technique.
Additionally, in most settings when one can prove a counting lemma, it holds in any “orientation”:
namely, we should be able to embed the three parts of T into the three parts of H according to
any bijection [3] — [3]. However, a simple example shows that this is not true for Proposition 4.1.
Namely, consider the 3-partite 3-graph H on parts A, B, C obtained as follows: each vertex ¢ € C
picks uniformly random subsets A, € A, B. € B, and then E(H) = {(a,b,c) : c€ C,a € A, b€ B.}.
With high probability H is weakly o(1)-regular and has density %—ko(l). But if we let T be the 3-graph
on {x,y1, Yo, 21, 22} with edge set E(T') = {(x, y1, 21), (z,y2, 22)}, then it is easy to see that H contains
no tripartitely induced copy of T for which x € C. This is not a contradiction to Proposition 4.1,
as there are induced copies of T' with x € A U B, but this example demonstrates another subtle
feature of this unusual induced counting lemma, and shows why proving Conjecture 4.2 may be
more challenging than proving other similar-looking induced embedding lemmas.

Another natural statement that follows directly from Theorem 1.3, and which also suggests an
avenue for attacking Conjecture 4.2, is the following partite hypergraph analogue of R6dl’s theorem
[33] on induced F-free graphs. To make the analogy clearer, we continue using the language of
forbidden tripartitely induced subgraphs, rather than discussing bounded slicewise VC-dimension.

Proposition 4.3. Let T be a tripartite 3-graph one of whose parts is a singleton. For every e > 0,
there exists 0 > 0 such that the following holds. If H is a 3-partite 3-graph on parts Vi3 v Vo U V3,
each of size n, and if H contains no tripartitely induced copy of H, then there exist V! < V; with
|V/| = dn such that d(V],V5,V3) e [0,e] U [l —¢,1].

Indeed, Proposition 4.3 follows immediately from Theorem 1.3, as we may take (V{, V5, Vy) to
be any e-homogeneous triple from the e-homogeneous partition of H. In particular, Theorem 1.3
implies that we may take § = 27P°¥(1/¢) in Proposition 4.3. We conjecture that this dependence can
also be improved to polynomial.

Conjecture 4.4. We may take § = e%1) in Proposition /.5.

Note that Conjecture 4.4 would immediately imply Conjecture 4.2. Moreover, it is an appealing
statement for other reasons; for example, Conjecture 4.4 would imply the Erdés—Hajnal conjecture
for 3-partite 3-graphs with no tripartitely induced copy of T'. That is, assuming Conjecture 4.4, a
standard argument (see e.g. [20, Conjecture 7.1]) shows that if H has no tripartitely induced copy
of T, then there exist V < V; such that [V/| = n®(1) and such that the triple (V{,Vy', V) is
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either complete or empty. We remark that one must work in this tripartite setting in order to obtain
such an Erdés—-Hajnal-type result: [12, Theorem 1.2] implies that there exist H with no tripartitely
induced copy of T' and with no clique or independent set of size greater than ©(logn).

Nonetheless, we are still able to prove an analogue of Rodl’s theorem [33] in the non-partite
setting, as follows.

Proposition 4.5. Let T be a tripartite 3-graph one of whose parts is a singleton. For every e > 0,
there exists 6 > 0 such that the following holds. If H is a 3-graph with no tripartitely induced copy
of T, then there exists U € V(H) with |U| = 0|V (H)| such that d(U) € [0,e] U [1 — ¢, 1].

The deduction of Proposition 4.5 is relatively standard, so we only sketch it. First, by Theorem 1.3
and Remark 1.5, we can find an e-homogeneous partition of H, as the assumption that there is no
tripartitely induced copy of T implies that all links have bounded VC-dimension. We now use Turan’s
theorem for hypergraphs to pass to a large number of parts containing no non-homogeneous triples,
and then apply Ramsey’s theorem for hypergraphs to pass to yet another subset in which either all
triples have density at most ¢, or all triples have density at least 1 — . The union of these parts is
then the desired set U.

The proof sketched above shows that § can be taken to depend triple-exponentially on & (one
exponential from the application of Theorem 1.4, then two more from the application of the 3-
uniform Ramsey theorem). We are uncertain about the true dependence.

Problem 4.6. What is the optimal dependence of 6 on € in Proposition /.5¢
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A Proof of Lemma 3.1

We will need Hoeffding’s inequality (see [4, Theorem A.1.4]):

Lemma A.1 (Hoeffding’s inequality). Let Z ~ Bin(n,p). Then
P[Z =z np+t],P[Z <np—t] < e 2/,

Proof of Lemma 3.1. We choose each partition (X;,Y;), 1 < i < m, randomly, by including each
element of [M] into one of the sets X, Y; with probability %, independently of all other choices. Thus
both |X;| and |Y;| are distributed as Bin(M, 1), and in particular E[|X;[] = E[|Y;|] = 2. By Lemma
A.1, the probability that ||X;| — 2| = M?/3 is at most 2¢=2M"*. Similarly, fixing 1 < i < i’ < m,
each of | X; n Xy, |X; n Yyl,,|Yi n Xy, |Yi n Y| has expected value %, and by Lemma A.1, the
probability that it deviates from its expectation by more than M?/3 is at most 2e=2M > There are
4("%') such events (4 per each pair 1 < i <4 < m). By taking the union bound over all 1 <i < m
(for the first statement) and 1 < i < ¢ < m (for the second statement), we get that the probability
that Item 1 fails is at most (m +4(%)) - 2e72M'? o2 . 2 2MY? < %, where the inequality holds
if M > log®(8m?). Thus, Item 1 holds with probability at least %

Now consider Item 2. For distinct j,j' € [M], let z;; be the number of indices i for which
J,j' are on the same side of the partition (X;,Y;). Let A be the event that z;; < 3Tm for all
4,j'. We claim that P[A] > i. Indeed, fixing j,;’, we have z;; ~ Bin(m,3). By Lemma A.1,
Plz; 7 = 3m/4] < e~ 2(1/4*m _ o=m/8 By the union bound over j, j/, the probability that A fails is
at most (]\24) ceTm/8 < %, using that M < e™/16,

We conclude that with positive probability, Item 1 and A hold. Now we show that .4 implies [tem

2. Put g;(\) == ’ZjeXi Aj = Djev; )\j‘. We have

=T e =)
m [ M M 2 (M
j=1 j=1 j=1

where the inequality uses that 4 happened. Convexity implies that under the constraints 0 < \; <
1—( for every j and Z;j\i 1 Aj = 1, the function Zj\i 1 /\]2 is maximized when some \; equals 1 — ¢ and
another \; equals (. Hence, Z]J\/il )\JZ < (1-¢)%?+¢% =1-2¢+2¢% Plugging this into the above,
we get that >0, g;(N)? < m(1 — ¢+ ¢?) <m(1 —n)(1 —4e). Hence, the number of 1 < i < m with
gi(A\)? =1 —4e is at most (1 —n)m. If g;(\)? < 1 — 4e then g;()\) < 1 — 2¢, which can only happen

if min (ZjeXi Ajs Dljev; )\j> > ¢. This proves that Item 2 in the lemma holds. |
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